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1 Lagrangian

Some more training on using Lagrangian analytically: In the previous exercise we considered the optimization problem

min
x∈R

x2 + 1 s.t. (x− 2)(x− 4) ≤ 0 . (1)

Derive the dual function l(λ) = minx L(x, λ) and the dual optimal solution λ∗ = argmaxλ l(λ). Is maxλ l(λ) = p∗

(strong duality)?

2 Trust Region

Consider a function f(x) = 1
2x
>Ax+ b>x for positive definite A. For a given x0, we would like to solve the problem

min
x
f(x) s.t. ||x− x0||2 ≤ α

This describes a Newton step under a Trust Region approach: It considers a 2nd-order Taylor approximation f , and

computes and optimal step under step length limit
√
α, which is called trust region radius.

a) Try to solve this problem analytically – as far as you can get. In one case you will not be able to solve it completely

analytically and you will be left with an equation for the dual parameter λ. What numerical algorithm could

you use (in an ’inner loop’) to efficiently solve for the correct λ?

b) Make explicit, how the λ that arises in the Trust Region step is related to the damping (aka. Levenberg-Marquardt

parameter) of our Newton step.

c) Derive the dual function l(λ) = minx L(x, λ) for the above problem. Can one solve maxλ≥0 l(λ) analytically?

3 Dual function as Lower Bound

In the lecture we learnt that the dual problem is convex. Actually, the dual function l(λ) = minx L(x, λ) is concave.

But we still call the problem maxλ≥0 l(λ) convex, as we maximize instead of minimize.

Prove that the dual function l(λ) is concave, using the basic definition of concavity (same as convexity, with ≥ instead

of ≤).

4 Practical: Primal-dual Newton method

When you successfully managed to implement this you have completed our batch of most basic reference solvers:

Gradient, line search, Newton, log barrier, Augmented Lagrangian, Primal-Dual – great!

Implement the primal-dual Newton method to solve the same constrained problem we considered in the last exercise:
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• r(x, λ, κ) and its Jacobian ∂r(x, λ, κ) are defined on slides 41 and 42. To simplify, you can neglect equality

constraints, which removes the middle from r(x, λ), and the last column from ∂r(x, λ).

• This is a pseudo code for the primal-dual Newton method (neglecting equalities):

Input: initial x ∈ Rn, functions f, g, tolerance θ, parameters (defaults: %+α = 1.2, %−α = 0.5, %ls = 0.01, λ)
1: initialize stepsize α = 1, fixed damping λ, KKT relaxation µ = 1, λi = 0

2: generally denote z ≡ (x, λ) ∈ Rm+λ, in the primal-dual space
3: repeat
4: query f(x),∇f(x),∇2f(x), g(x), ∂g(x) for x
5: compute r(z) and ∂r(z)
6: compute δ ∈ Rn+m to solve (∂r(z) + λI) δ = −r(z)
7: during the following line search, somehow ensure that λ ≥ 0 stays non-negative (see below)
8: while ||r(z + αδ)||2 > ||r(z)||2 − %lsα||r(z)||2 do // line search
9: α← %−αα // decrease stepsize

10: end while
11: z ← z + αδ (also updates x, λ) // primal-dual update
12: α← min{%+αα, 1} // increase stepsize
13: µ← −1

2m

∑m
i=0 λigi(x) // duality measure update

14: until ||αδ||∞ < θ repeatedly

• Note that we changed the Wolfe condition to a sufficient decrease of the square error of the equation system,

||r(z)||2. For λ ≈ 0 this is identical to the original Wolfe condition.

• During line search we need to ensure that z stays feasible, in particular λ ≥ 0 and g(z) ≤ 0. Reducing stepsizes

until feasibility is reached is an approach. Clipping infeasible λ is also an easy (but not ideal) approach. We

need to discuss proper “bound constrained” optimization later.

• Finally, choose only a very small damping λ.

Test this on the same toy problem of the last exercise. You need to initialize with a feasible point, e.g. x = ( 1
2 ,

1
2 , 0, 0, ...).
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