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1 Max-likelihood estimator

Consider data D = {(yi)}ni=1 that consists only of labels yi ∈ {1, ..,M}. You want to find a probability distribution

p ∈ RM with
∑M
k=1 pk = 1 that maximizes the data likelihood. The solution is really simple and intuitive: the optimal

probabilities are

pk =
1

n

n∑
i=1

[yi = k]

where [expr] equals 1 if expr = true and 0 otherwise. So the sum just counts the occurances of yi = k, which is then

normalized. Derive this from first principles:

a) Understand (=be able to explain every step) that under i.i.d. assumptions

P (D|p) =

n∏
i=1

P (yi|p) =

n∏
i=1

pyi

and

logP (D|p) =

n∑
i=1

log pyi =

n∑
i=1

M∑
k=1

[yi = k] log pk =

M∑
k=1

nk log pk , nk =

n∑
i=1

[yi = k]

b) Provide the derivative of

logP (D|p) + λ
(

1−
M∑
k=1

pk

)
w.r.t. p and λ

c) Set both derivatives equal to zero to derive the optimal parameter p∗.

2 Log-likelihood gradient and Hessian

Consider a binary classification problem with data D = {(xi, yi)}ni=1, xi ∈ Rd and yi ∈ {0, 1}. We define

f(x) = x>β (1)

p(x) = σ(f(x)) , σ(z) = 1/(1 + e−z) (2)

L(β) = −
n∑
i=1

[
yi log p(xi) + (1− yi) log[1− p(xi)]

]
(3)

where β ∈ Rd is a vector. (NOTE: the p(x) we defined here is a short-hand for p(y = 1|x) on slide 03:10.)

a) Compute the derivative ∂
∂βL(β). Tip: use the fact ∂

∂zσ(z) = σ(z)(1− σ(z)).

b) Compute the 2nd derivative ∂2

∂β2L(β).
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3 Logistic Regression

On the course webpage there is a data set data2Class.txt for a binary classification problem. Each line contains a

data entry (x, y) with x ∈ R2 and y ∈ {0, 1}.
a) Compute the optimal parameters β and the mean neg-log-likelihood ( 1

nL(β)) of logistic regression using linear

features. Plot the probability p(y = 1 |x) over a 2D grid of test points.

Useful gnuplot commands:

splot [-2:3][-2:3][-3:3.5] ’model’ matrix \

us ($1/20-2):($2/20-2):3 with lines notitle

plot [-2:3][-2:3] ’data2Class.txt’ \

us 1:2:3 with points pt 2 lc variable title ’train’

b) Compute and plot the same for quadratic features.
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