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1 Introduction1.1 MotivationSoftware design always involves structuring of a system into subsystems, objects andthe relations between them. Usually this structure is visualised by some kind of graph-ical representation, for example by class diagrams in an object oriented design method[RBP+91a, Boo94a, BRJ+97] or by entity-relationship diagrams in the area of semanticdata modeling [HK87]. Additional requirements, detection of errors or migration to adi�erent environment forces changes on the software system. To preserve consistencybetween design and implementation the diagrams should be adapted to reect the newdesign. The embedding of each diagram into its context imposes constraints for the appli-cability of diagram transformations. A graphical design tool could support the softwareengineer in following these constraints by providing a prede�ned set of transformationrules which it can perform automatically, thereby taking account of the context relations.Tool support presupposes some kind of formal description which clari�es the notionsdiagram, embedding and transformation. The concept of correctness makes only sense inthe context of a formal semantical basis. The literature provides us with several di�erentapproaches [CL95, HK87], which all have their speci�c advantages. In this thesis we willfocus on methods based on category theory, which are distinguished by their eleganceand high level of abstractness. Category theory is a mathematical theory developed togeneralise mathematical concepts from di�erent areas. Similar to object oriented designmethods it uses diagrams to visualise the relations between (mathematical) objects. Cat-egory theory can be regarded as a theory of object relations called morphisms. Diagramshave a formal mathematical de�nition in category theory. To distinguish them from classand entity-relationship diagrams we will use the notion scheme for the latter ones. Fromthe viewpoint of software engineering there is a strong relation to the concept of infor-mation hiding, since category theory abstracts from the inner structure of the objects. Ahigh degree of abstraction usually results in a shift of workload from the user, in this casethe software designer, to the tool developer. The question is, if and how the theoreticalconstructions can be mapped on an implementation.In their pioneering work on computational category theory Rydeheard and Burstall[RB88] showed, that such a mapping indeed exists. In exploiting the enormous expres-sional power of the functional language ML, they provide an elegant implementation ofmany constructions from category theory. This book is of great value not only for a toolbuilder, but for all computer scientists, who want to learn the mechanisms and ideasbehind category theory. They can investigate and execute the code to see how the con-structions work. A nice idea from [RB88] is, that the implementations are derived directlyfrom constructive proofs. That means, the proofs were designed with the implementationin mind. That way additional correctness proofs become superuous. But as stated intheir remarks about possible applications, because of its ine�ciency, this implementationis not intended for practical usage. A tool builder can neither directly use the code northe algorithms. The ine�ciency is not only caused by the chosen functional programminglanguage, but mainly because the algorithms are designed to be generally applicable for2



all categories.Practical experience with the implementation of tools based on category theory [TB94,EC96] has shown, that e�ciency is achievable if only special constructions in set-basedcategories are treated. But for each tool and algorithm a separate correctness proof isneeded. And there are some constructions demanded from applications like scheme orgraph transformations, where an e�cient implementation is hard to �nd. This imposesrestrictions for the applicability of these tools. These problems are caused by the fact,that there is still a gap between the theory from [RB88] and the practical demands ofthe tool builder. Obviously tool development would be considerably simpli�ed if this gapcould be closed.What we need is a specialised theory restricted to categories which are relevant for theapplications we have in mind. But this theory should be general enough to cover also thecases which are hard to implement. Constructive proofs should guide the implementationof a reusable library of data structures and algorithms operating on diagrams. Thislibrary should, whenever possible, avoid programming language speci�c features so thattool developers are not forced to use a speci�c implementation language. Finally, thealgorithms should not only have linear complexity both in time and space, their e�ciencyshould be comparable to optimised algorithms for special constructions. This means fullscalability in all dimensions: The number of relations and the size of diagrams and objects.For the treatment of structuring mechanisms there is one most important concept incategory theory: The colimit construction. In applications related to computer science,the colimit separates elements in di�erent components and identi�es elements which areconnected via their relations. The colimit construction is not only relevant for schemetransformations. Recently current object oriented modeling methods like the Uni�edModeling Language [BRJ+97], which is accepted as international standard by the OMG,integrate structural and behavioural aspects with extensions of state machine formalisms.Category theory, and specially the colimit construction, is suitable for both aspects pro-viding an unifying formal framework for object oriented design. Other application areasare:� Structuring and re�nement of formal speci�cations [SJ95, Cla93, BG80, EM85,EM90] based on colimits in the category of signatures.� Alternative de�nition of the operational semantics of functional logic programminglanguages [CW94] based on the category of jungles (special hypergraphs representingterms).� Algebraic development techniques, which aim at an extension of structuring and de-velopment techniques from algebraic speci�cations to other speci�cation techniques.For a survey see [EGW97]. Examples are:{ Horizontal and vertical structuring of statecharts [EGKP97], a visual speci�-cation technique for concurrent and reactive systems introduced by D. Harelin [Har87], see also [HG95]. A variation of the statechart formalism is part ofthe Uni�ed Modeling Language (UML) [BRJ+97].3



{ Description of dynamic state transitions of parallel and distributed systemsusing graph grammars [EHK+96, CMR+96, Tae96a] or algebraic high levelnets [PER95, Pad96] based on the category of graph structures.{ Action Nets, which combine elements from statecharts, Petri Nets and graphs[EGP97]{ Dynamic abstract data types [EO94, AZ95], a general integration frameworkincluding data type, process and time oriented systems.It could even serve as the basis for the formalisation of parameterisation in programminglanguages like C++, Ei�el or Ada. For all these methods to be applicable, tool supportis strongly required. Existing tools [SJ95, TB94, EC96, CEW93] do not share a commonimplementation of the colimit construction, they even do not share common algorithms.But there is not only a problem at the implementation level. The lack of an e�cientreusable colimit algorithm in the past lead to alternative semantic de�nitions of the spec-i�cation languages CLEAR and ACT ONE [San84, Cla88] to enable tool development forthem. This caused a signi�cant overhead, because additionally the equivalence of bothkinds of semantics had to be proven.1.2 Aims of this ThesisAs we will see later, all the applications mentioned above can be based on colimit compu-tations in only two categories, namely signatures and graph structures [L�ow93a], that is,algebras with unary operations and partial morphisms generalising comma categories oversets. Specialisation of the cocompleteness proof to these categories leads to an e�cient,modular and incremental algorithm. The aim of this thesis are the following three mainresults:1. A new constructive proof of cocompleteness for sets, signatures and graph structureswith partial morphisms (theorems 3.1.5, 3.2.2 and 4.2.8).2. Proofs establishing (almost) linear complexity of the colimit constructions in allthese categories (theorems 3.1.6, 3.2.4 and 4.2.9).3. A library for colimit computations in these categories implemented in Ei�el, JAVAand C++. The algorithms are directly derived from the constructive proofs men-tioned above (see chapter 5).Additionally the application of the colimit library in di�erent areas both in the contextof speci�cation languages and graph transformations is outlined (section 3.3 and 4.4).Performance tests and comparisons on several di�erent development platforms establishthe practical applicability of the colimit library (see section 5.10). The long-term goalof this research is to simplify the development of tools related to category theory andcolimit constructions. The colimit library is already used in the ALPHA library [EC96]supporting scheme transformations and in the new version of the graph manipulationsystem AGG [LB93]. 4



1.3 Related DevelopmentsWe already mentioned the book on computational category theory from Rydeheard andBurstall [RB88], the pioneering work in the �eld. There colimit constructions are imple-mented using an ine�cient modularisation approach, following the structure of the usualcocompleteness proof (see next section). This is one of the reasons, this approach failedto satisfy the performance needs of tool builders. But this was never the intention of thisbook. It succeeds very well in illustrating the concepts of category theory to computerscientists and shows that they are implementable. We adopted the idea to provide a con-structive cocompleteness proof guiding the implementation. But our proof is specialisedfor the requirements of tool development. It works only with set-based categories, butreaches a level of e�ciency comparable to algorithms optimised for special constructionslike coequalizers and pushouts. [RB88] covers also limits, the dual construction to colim-its. In this thesis we focus on colimits, because we are mainly interested in the support ofstructuring mechanisms and transformations rules. For this application areas limits playa secondary role.Another important contribution is the work from Y. V. Srinivas, J. L. McDonald andR. J�ullig on the SPECWARE system [SJ95, SM96]. This system demonstrates the practi-cal applicability of category theory based structuring mechanisms for formal speci�cationsin a commercial application. SPECWARE supports the modular construction of formalspeci�cations and their stepwise and component wise re�nement into executable code.It provides a visual interface to a suite of composition and transformation operators forbuilding speci�cations, re�nements and code components based on category theory, sheaftheory, algebraic speci�cation and logics. As noted in section 5 from [SM96], categorytheory was of great help in structuring the implementation. Enhanced reusability enabledthe realisation of important parts within a few days. The operators are implemented inFRANZ-LISP, a dialect of the functional programming language LISP. Since SPECWAREis a commercial tool, its implementation is not publicly available. The implementationof SPECWARE uses an algorithm for the colimit of signatures very similar to the onefrom the colimit library (chapter 5). This algorithm, already described by the author in[Wol96], was independently discovered by the SPECWARE team. This thesis extendsthe algorithm (and the corresponding cocompleteness proof) such that it is applicable toscheme and graph transformations.M. L�owe established the notion of algebraic graph structures [L�ow93b] and initiatedthe development of several related tools, for instance the ALPHA library [EC96] and theAGG system [LB93] mentioned before. These tools contained in their initial versionsimplementations of special colimits, namely coequalizers, coproducts, initial objects andpushouts. Currently our colimit library replaces these implementations which results inan improved exibility, because now all colimits are supported and several restrictionsfor the applicability of the old algorithms were released. [L�ow93b] already presents adescription of an algorithm for pushouts in graph structures. But this algorithm is verycomplex and hard to implement.The �rst ideas how colimit computations in graph structures may be modularised wereshown by M. Kor� in [Kor96]. They had some inuence on the theory presented here,5



but this work is at a much higher level of abstraction and has no relation to a concreteimplementation.In contrast to the related developments we present an object oriented library forarbitrary colimits for signatures and graph structures in three of the most popular objectoriented programming languages (Java, C++ and Ei�el). We combine the idea of animplementation guided by a cocompleteness proof from [RB88] with the e�ciency ofalgorithms in existing tools optimised for special colimits like pushouts or coproducts.1.4 The Colimit LibraryIn this section we present an overview on di�erent aspects of the colimit library.1.4.1 Suitable Programming LanguagesInstead of forcing the user of the colimit library to write his application in a speci�cprogramming language we chose a more general approach. Suitability of a programminglanguage is related to several application dependent requirements like e�ciency, portabil-ity, availability of programming environments, speci�c libraries and programming skills.We designed our implementation in such a way, that it is easily portable to many pro-gramming languages by restricting the use of speci�c libraries and language features.Since we use techniques from generic programming [DRM89] and object oriented de-sign [Boo94b] we require support of classes and inheritance. Generics (templates) andstatic type checking are desirable, but not essential. We provide example implementa-tions in C++, Ei�el and JAVA, discuss their di�erences and compare their performance.Ports to ADA 9x, Sather, Smalltalk and Objective C can easily be done, to name somealternative languages. One of the most important advantages of C++, Ei�el and JAVAis, that there are free compilers available for them on a huge number of platforms.Tests and comparisons have shown huge performance di�erences between the di�erentlanguages and development platforms (see section 5.10), specially JAVA has here someproblems. But it is very likely that these will decrease in the future, since there are manyongoing projects improving the e�ciency of JAVA implementations.1.4.2 Modularisation of the Colimit AlgorithmHow should the colimit computation be structured? There are two di�erent ideas:� Following the usual constructive proof of �nite cocompleteness 1 the computationmay be based on some elementary colimit constructions, namely pushouts and co-products 2 (see for instance [RB88]). Arbitrary colimitsmay be constructed solely via1Finite cocompleteness of a category means that the colimit of an arbitrary �nite diagram in thatcategory exist.2A pushout is an elementary colimit construction suitable for the description of simple graph trans-formations and the actualisation of parameterised data types. It is the colimit of a diagram of shapeA B ! C. In our applications the coproduct represents the concept of a disjoint union. It correspondsto a diagram of shape A;B without any arrows. 6



these easy to compute constructions. As will be discussed later, unfortunately thismodularisation leads to an unnecessary high complexity of the whole computation.� The alternative approach modularises the computation according to the structureof the objects in the category. Comma categories are a very general concept forbuilding categories with structured objects from simpler ones. The constructive co-completeness proof for comma categories can guide the implementation of a generalcolimit algorithm.Because it can be realized without any performance penalty we have chosen the secondapproach. Since comma categories are not general enough to describe the categoriesneeded for our applications, we generalise them thereby preserving the modular structureof the colimit computation.1.4.3 SignaturesColimit computations in the category of signatures are relevant for structuring mecha-nisms for algebraic speci�cation languages. Algebraic speci�cations are signatures aug-mented with axioms and structuring mechanisms like enrichment, parametrisation andmodularisation [EM85, EW86, EM90]. A signature SIG = (S;OP ) introduces the sorts Sand operations OP used in the axioms of the speci�cation together with an arity functionmapping operation symbols to sort lists denoting their functionality.Since the category of signatures SIG may be expressed as comma category overSET , colimit computations for SIG-diagrams can be built on the computations for SET -diagrams. The category of algebraic speci�cations will not directly be supported by ourlibrary, since there is no unique kind of axioms in di�erent speci�cation languages. Ifonly a syntactical transformation of the axioms according to the corresponding signaturemorphisms is needed, it can easily be built using the computed SIG-colimit. If speci�ca-tion morphisms in addition require a semantical transformation of the axioms, theoremproving techniques, as realized for instance in the SPECWARE system [SJ95], have to beused. We do not cover that issue in this thesis. But semantical transformations are basedon the syntactical colimit construction on signatures as provided by our library.1.4.4 PartialityThe introduction of partial mappings, called partial morphisms in category theory, ismotivated by several applications like scheme transformations, algebraic speci�cationlanguages and graph grammars. Partiality expresses the concept of deletion during atransformation step.Partial morphisms may be represented as spans of total morphisms L K ! R as inthe double pushout approach for graph transformations [CMR+96]. Here a basic deriva-tion step is modelled by two gluing diagrams (pushouts) with total morphisms. Thoughadvantageous in some applications the direct treatment of partial graph morphisms asdone in the single pushout approach [L�ow93b], from an implementational view, simpli�es7



the representation and colimit computation of general diagrams in the category of graphswith partial morphisms. In [EHK+96] a comparison of both approaches can be found.Support of partiality adds a level of abstraction to the diagrams since it hides the\inner structure" of partial morphisms. If we try to hide structure through abstraction,usually the complexity is shifted somewhere else. Indeed partiality adds some complexityto colimit computations which can be seen by the very complex and hard to implementdescription of pushouts of graph structures in [L�ow93b]. Often the rule representingmorphisms are required to be injective to simplify their realization. This thesis presentsa solution to this problem by providing a library of e�cient general colimit algorithms,such that a tool designer can take colimits as given. Since colimits have an intuitiveunderstandable semantics neither the tool designer nor the user of the tool really needsto fully understand the theory behind their realization as presented in this thesis.1.4.5 Graph StructuresWe can view ordinary graphs as algebras to a signature with two sorts node and edge andtwo unary operations source and target. We know that the category of graphs with partialgraph morphisms is cocomplete, but not the category of algebras with partial morphismsto a signature SIG = (S;OP ) containing constants or some operations taking more thanone argument. But a restriction to signatures only with unary operations (like the sourceand target operations in graphs) enables a general proof of the cocompleteness of thecorresponding category [L�ow93a]. These special algebras are called graph structures sincethey form a generalisation of ordinary graphs.Hyper graphs, attributed graphs, terms, even entity-relationship diagrams [CL95] canbe represented as graph structures. Since they are the most general algebraic structureswith partial morphisms where the corresponding category is cocomplete, and because theyare relevant in most of our application �elds, we will focus on them in our theoreticalconsiderations. That means, we will provide a new cocompleteness proof, constructiveenough not only to guide the implementation, but also enabling a proof of the complexityof the algorithm. The category of graph structures to a signature SIG = (S;OP ) withpartial morphisms is denoted as GSSIG. Note that in this category the operations of agraph structure are total as the source and target operations in a graph.The problem for the cocompleteness proof is, that graph structures are not only ageneralisation of comma categories over sets, but also a specialisation, because we havepartial morphisms together with total operations. We solve it by a generalisation of graphstructures thus allowing also the operations to be partial. The corresponding category ofgraph structures with partial operations is denoted as GSPSIG.SET 00F SET ?
00R?qq

V SET Ppp
T?

33(SET P ;SET P) ((GSPop // GSPSIG 11T GSSIGqq
IThe picture above presents an overview of the structure of both the cocompleteness proofand the implementation of the colimit algorithm for graph structures. Sets with partial8



morphisms SET P are represented by pointed sets SET ? and form the basis of the colimitcomputation in the category of simple graph structures with partial morphisms and onesingle partial operation op called GSPop. This category is similar to the arrow category 3 ofmorphisms (SET P;SET P), so the colimit can be computed independently for the carriersets and then for the operation. Next we regard a diagram GSPSIG with SIG = (S;OP ) asa set of SET P{diagrams, one for each sort s 2 S, together with a set of GSPop{diagrams,one for each operation op 2 OP . In this view the carrier sets are redundantly represented,but we will show, that this redundancy doesn't lead to an inconsistency with respect tocolimits and their universal morphisms. Thus we can simply put together the separatelycomputed colimits. Note that in GSSIG, this technique is not applicable, because therethe operations determine the colimits computed for the carrier sets.Finally we apply a colimit preserving functor which translates the partial graph struc-ture into a total one, obtaining the deserved GSSIG{colimit.Instead of directly supporting general graph structures we decided to implement thecolimit algorithm for Alpha algebras, special graph structures well suited for implemen-tation purposes. General graph structure diagrams can be expressed as diagrams of typedAlpha algebras. The typing is represented via typing morphisms and the typing of theresulting colimit may be obtained via unique extension of the untyped colimit easily con-structed with the help of the colimit library. For Alpha algebras there exists a powerfulgeneral class library [EC96]. The colimit library was integrated into this Alpha libraryextending its functionality by general colimit computations.1.4.6 Double and Single Pushout ApproachAs mentioned above, in the double pushout approach to graph transformations [CMR+96]partial morphisms are represented as spans of total morphisms L  K ! R where Kcontains the non{deleted part of the left side L of the rule, the \gluing items" preserved bythe rule. Viewed from their applications, the main di�erences between both approachesis related to their treatment of ambiguous deletions and dangling edges. In the doublepushout approach such derivations are not allowed, in the single pushout approach ad-ditional deletions are performed \repairing" the resulting colimit such that there are noambiguities and dangling edges. In di�erent applications one or the other behaviour maybe desirable, so we decided to support both of them.The conditions related to ambiguous deletions rsp. dangling edges are called iden-ti�cation rsp. dangling condition. The colimit library provides routines to check thoseconditions enabling the applications to decide whether a rule is applicable or not. So wecan support both kinds of behaviour by only implementing the single pushout approach.This strategy simpli�es the implementation but also has some disadvantages:� To support the double pushout approach a transformation of the span representa-tions of the rules into partial morphisms is required.3Arrow categories are special comma categories. Their objects are the morphisms of the category theyare based on. 9



� The identi�cation rsp. dangling conditions are checked by computing the GSPSIG{colimit and then inspecting the result. So internally the rule is partly applied even ifthe result of the test is negative. This may cause some overhead. But keep in mindthat both the colimit computation in GSPSIG and the following test is performed verye�ciently in linear time. The development of an alternative algorithm for checkingthese conditions in linear time is not trivial.� The search of applicable rules may be optimised such that it is performed simulta-neously for di�erent rules and occurrences. Here our implementations of the identi-�cation rsp. dangling conditions may not be suitable.� Non{injective L  K morphisms supporting the concept of duplication cannot beexpressed via equivalent partial morphisms. Fortunately up to now most theoreticalconcepts developed for the double pushout approach require the injectivity of L Kmorphisms.On the other hand, our checks of the identi�cation rsp. dangling conditions are notrestricted to pushouts but are realized for arbitrary colimits, enabling direct supportof parallel or distributed graph transformation approaches as described for instance in[Tae96a].Alternatively, the colimit library could be used only to compute the right hand sidepushout of the transformation rules. Then the transformation of the rules into a repre-sentation using partial morphisms is avoided, but to apply a rule in addition we have tocompute the pushout complement of the left hand side pushout and to check the appli-cation conditions.1.5 Organisation of the following ChaptersThe following chapters are structured as follows:� Chapter 2 presents the theoretical foundations of this thesis. It introduces the mainconcepts of category theory and provides basic notations, de�nitions and proofs. Areader familiar with category theory may skip parts of this chapter.� Chapter 3 analyses the category of sets SET and comma categories over SET . Weshow a new constructive cocompleteness proof for this categories and prove thecomplexity of the corresponding colimit algorithm. Then its application in the areaof algebraic speci�cations is outlined.� Chapter 4 extends the theory to graph structures with partial morphisms. Againwe prove cocompleteness and the complexity of the algorithm and show possibleapplications for data base scheme transformations, high level petri nets and thesimulation of an abstract machine executing functional logic programs.� Chapter 5 covers the relation of our theoretical investigations with their practicalrealization. The structure of the colimit library and its interface with possible ap-plications is presented. We motivate our choice of concrete data types to represent10



the diagrams in the di�erent categories. We compare the suitability of possible im-plementation languages and present benchmark results which not only illustrate thee�ciency of our colimit computations but also allow to compare several languages(C++, Java and Ei�el), compilers, and libraries.� Chapter 6 summarises the results and outlines possible extensions.We presume basic knowledge about category theory [AHS90, BW90, AL91, RB88], alge-braic speci�cations [EM85, EM90, CEW93] and graph transformations [Tae96a, CEL+96,CMR+96, EHK+96]. After completing this thesis, the reader will know about colimits inset-based categories, some of their applications, how they may be e�ciently implementedand how the implementation is related to the theory. If he is involved in a softwareproject in the area of algebraic speci�cations or graph (structure) transformations thereader should be able to use the colimit computations provided by the colimit library.For this purpose also the HTML-documentation should be consulted. The comparisonof programming languages directly supported by the colimit library could support thedecision for a suitable implementation language.For readers only interested in theoretical results we should indicate that there existalready alternative cocompleteness proofs for most of the categories covered in this thesis,despite one exception. 4 But although some of these proofs are constructive, they are notof much help for the development of e�cient algorithms. The main idea of this thesis isto adapt the theory for the needs of the tool designer. There is more or less a one to onecorrespondence between our theoretical cocompleteness proofs and the data structuresand algorithms used in the implementation.1.6 AcknowledgementsI like to thank my supervisor Hartmut Ehrig for his constructive support concerning thewriting of this thesis. Furthermore, I thank my co-supervisor Martin Gogolla, who agreedto report on this thesis although the time was very short.Special thanks to Ingo Classen, Uwe Wolter and Reiko Heckel providing me with alot of valuable hints, comments and corrections. Thanks to Sebastian Erdmann, MichaelRudolf and Claudia Ermel for their cooperation integrating the colimit library into theirsoftware projects. Finally I thank Martin Grosse Rhode for proof reading parts of thisthesis and his numerous suggestions.4[L�ow93a, Kor96] restrict their cocompletess proofs to hierarchical graph structures. Since this con-straint has negative consequences for practical applications, we generalise the proof for arbitrary graphstructures. 11



2 Theoretical FoundationsAfter a brief introduction in category theory we will present the basic de�nitions andnotations used in this thesis together with some fundamental propositions related to thedecomposition of morphisms in diagrams and the totalisation of graph structures.2.1 Category TheoryIn [EM45] category theory was introduced to establish an uniform framework for di�erentareas of mathematics, in particular topology and algebra, avoiding redundancy in theirtheory and proofs. In opposition to set theory, where mathematical objects are charac-terised by their inner structure, category theory concentrates on their relations. Theseare structure preserving mappings between objects called morphisms. Objects are char-acterised by their speci�c role within the net of their relationships. The idea to describeproperties of objects by their relations to other objects leads to an elegant graphicalnotation of concepts and proofs, which makes category theory not only interesting tomathematicians, but also to computer scientists.Since category theory abstracts from the inner structure of objects, they can be char-acterised only up to isomorphism, that means, independently from a particular represen-tation. Of course, at the end, if we want to present the computed results, we have tochoose an appropriate representation. But internally, during the computations, it is of norelevance. This property is very useful for optimisation purposes and guided the designof the data structures of the colimit library.A category C consists of a class of objects Obj(C) and a class of morphisms betweenobjects Mor(C). A morphism f between objects A and B is denoted as f :A ! B. Foreach object A there is an identity morphism 1A :A ! A and for any two morphismsf :A! B and g :B ! C there exists their composition g �f :A! C. The composition isassociative and the identities are called so because f = f � 1A = 1B � f for all morphismsf :A ! B. The set of morphisms f :A ! B between objects A and B is called homsethom(A;B).As example consider the category of sets called SET . Their objects are the class ofall sets, their morphisms are the set of total functions. Another example is SET P, thecategory of sets with partial functions. In this thesis we treat only categories derivablefrom SET or SET P which augment these categories with some structure. These categoriescover all applications we have in mind. The relation of these categories with SET is ofcrucial importance for the design of the colimit library, since colimit computations forthem are based on colimit computations in SET .Since morphisms play a fundamental role in category theory, it is quite natural torequire that mappings between categories should preserve their structure. These structurepreserving mappings are called functors. They are given by mappings between the objectsand morphisms of two categories. For a functor F : C ! D between the categories C and Dholds F (f) :F (A)! F (B) for all morphisms f :A! B in C. Functors preserve identitiesand composition, that is, F (1A) = 1F (A) and F (g � f) = F (g) �F (f) for all objects A andmorphisms g; f in C. 12



Another important concept is that of a canonical construction F : C ! D convertingobjects A canonically from one category C to another one D. Canonically means, that theconstruction should be compatible with the morphisms, that is, extendable to a functor,and that the relationships between objects in C should be preserved. To express thisrequirement we need an adjoint construction V :D ! C in the opposite direction. Preser-vation of relationships means, that there is a bijection between the homsets hom(A;V (B))and hom(F (A); B) for all objects A in C and B in D. This requirement determines thecanonical construction F up to isomorphism. If we have such an adjoint situation we callF left adjoint or free and V right adjoint functor.The relation between the category of partial graph structures GSPSIG and the category oftotal graph structures GSSIG (both with partial morphisms) illustrates the idea. We wantto convert the computed partial graph representing the GSPSIG-colimit canonically into atotal one representing the corresponding GSSIG-colimit. Left adjoint functors preservecolimits, so we only have to show the left adjointness of our construction to be sure, thatthe resulting structure is indeed a GSSIG-colimit. Since the text books on category theoryprovide us with several equivalent characterisations (not only the one given above), we canchoose the one which is easiest to prove, following the motto: \Let the mathematiciansdo the hard work for us". Of course we must not forget to prove the functor properties,which indeed is the most di�cult task in this particular case.2.2 Diagrams and ColimitsSince the fundamental notions of category theory have a well-established meaning in theliterature [AHS90, BW90, AL91] only the de�nitions relevant for the implementation ofthe colimit library are given explicitly.Definition 2.2.1 (Graph)A graph (N;E; s; t) consists of a set of nodes N , a set of edges E and two mappingss; t :E ! N called source rsp. target. An edge e with s(e) = n and t(e) = m is denotedas n e�! m.Definition 2.2.2 (Diagram)A diagram � in a category A is a graph (N;E; s; t) (its shape) and two functionsf :N ! Obj(A) and g :E ! Mor(A), where for each edge e 2 E, f(s(e)) = sA(g(e))and f(t(e)) = tA(g(e)), where sA; tA are source and target of morphisms in A. We denotef(n), the object at node n by �n and g(e), the morphism at edge e by �e. 5Definition 2.2.3 (Sink,Cocone)A sink in a category on a diagram � (the base) is an object A (the apex) together with amorphism an :�n ! A for each node n in �. It is called cocone if for all edges n e�! min � the �rst diagram below commutes. We abbreviate \an :�n ! A for each n 2 N" by\an :�n ! A" when the meaning is clear from the context.5There is an alternative representation of diagrams as functors minimising the number of neededconcepts. We prefer the given one because it has a stronger correspondence to its implementation.13



A cocone morphism on � from an :�n ! A to a0n :�n ! A0 is a morphism f :A! A0such that for all nodes n in � the second diagram below commutes.A�n ==an {{{{{{{{{ //�e �maa amDDDDDDDDD A //f A0�naa anCCCCCCCCC ==a0nzzzzzzzzzDefinition 2.2.4 (Colimit)A colimit of a diagram � is a cocone C such that for any cocone C 0 there is an uniquecocone morphism u :C ! C 0. The apex of C is called colimit object. A category havingcolimits of all �nite diagrams is said to be �nitely cocomplete. Functors which preservecolimits are called cocontinous.Colimits have the universal property, i.e. they are initial objects in the category ofcocones on diagram �. They are the basic syntactical constructions to compose largersystems from several related subparts or as Goguen puts it in his categorical manifesto[Gog89]:Given a category of widgets, the operation of putting a system of widgets to-gether to form some super-widget corresponds to taking the colimit of the dia-gram of widgets that shows how to interconnect them.Definition 2.2.5 (Initial Object, Coproduct, Coequalizer)An initial object in a category C is the colimit on the empty diagram. A coproduct in Cof a diagram � is the colimit of the discrete diagram �0 obtained from � by removing allmorphisms. A coequalizer is the colimit on a diagram � with shape n ))e 55e0 m . We say,the morphism from �m into the colimit object is coequalizer of �e and �e0.The next lemma shows us, how colimit computation can be decomposed into thecomputation of coequalizers and binary coproducts.Lemma 2.2.6Diagram �0 is obtained from � by removing morphism �e :�n ! �m. Let pn :�n ! P�be coproduct of � (and �0). Let c0n :�n ! C�0 be colimit of �0 with c0n = pn � c0. Thencn :�n ! C� with cn = c00 � c0 � pn is colimit of �, i� c00 is coequalizer of c0n and c0m ��e.�n
�� �e $$pn JJJJJJJJJJ &&c0n ''cnP //c0 C 0 //c00 C�m ::pm tttttttttt 88c0m 77cm14



Proof: See [RB88, Pad91]. 2Theorem 2.2.7 (Decomposition of Colimit Computation)A category having an initial object, binary coproducts and coequalizers has all �nitecolimits.Constructive proofs are given in [RB88, Pad91]. They suggest an algorithm for com-puting colimits of a diagram �:1. Compute recursively the coproduct pn :�n ! P� of � using the initial object andthe binary coproduct. pn :�n ! P is colimit of the discrete diagram obtained from� by removing all morphisms.2. Compute the colimit of � by recursively extending the coproduct using coequalizers.In every step an additional morphism �e is added to the diagram. Here we have thesituation described in lemma 2.2.6. c0n :�n ! C�0 rsp. cn :�n ! C� are colimitsof the diagrams before rsp. after insertion of �e. By induction follows, that afterinsertion of all morphisms of �, the �nally computed cocone is colimit of �.Obviously this algorithm has worse then linear complexity related to the size of thediagram. Experiments with several implementations of this algorithm showed, that it isnot applicable to larger diagrams.Ordered categories [Jay90] play an important role for the treatment of categories withpartial morphisms like graph structures. The concept of an ordered category is verygeneral, we will restrict its application to express partial morphisms between set-basedcategories.Definition 2.2.8 (Ordered Category)An ordered category O is a category whose homsets are ordered, with the order preservedby composition, that is, f � f 0 :A! B and g � g0 :B ! C implies g � f � g0 � f 0.The following well known de�nitions about properties of morphisms in arbitrary rsp.ordered categories are fundamental for later proofs.Definition 2.2.9 (Properties of Morphisms)A morphism f :A! B in a category C is called� epi, if for all morphisms g; h :B ! C in C, g � f = h � f implies g = h;� mono, if for all morphisms g; h :C ! A in C, f � g = f � h implies g = h;� left inverse of g :B ! A, if f � g = 1B;� right inverse of g :B ! A, if g � f = 1A;� inverse of g :B ! A, if f � g = 1B and g � f = 1A;� split epi, if it has a right inverse g :B ! A;15



� split mono, if it has a left inverse g :B ! A;� iso, if it has an inverse g :B ! A;The de�nitions for epi and mono can be generalized for sets of morphisms. A set ofmorphisms F :A! B is called jointly epi, if for all morphisms g; h :B ! C in C, g � f =h � f for all f 2 F implies g = h. The notion jointly mono is de�ned analogously.A morphism f :A! B in an ordered category O is called� embedding with projection f� :B ! A, if f� � f = 1A and f � f� � 1B� deation, if A = B and f � f = f � 1A.� total, if for all morphisms g :C ! A and deations d :C ! C holdsf � g � d = f � g) g � d = gThese properties are related as shown in the next proposition.Proposition 2.2.10For all morphisms f :A! B in a category C holds:1. f is split mono ) f is mono2. f is split epi) f is epi3. f is split mono and epi , f is split epi and mono , f is isoLet cn : �n ! C be colimit of � in C then the morphisms cn are jointly epi.For all morphisms f :A! B in an ordered category O holds:1. f is embedding) f is split mono2. f is projection ) f is split epi3. f is mono ) f is total4. f is embedding with projection f� :B ! A ) f � f� is deation5. f has at most one factorization (up to isomorphism) as a projection m�, followed bya total morphism g, i.e. , if m;n are embeddings, g; h are total and g �m� = h � n�,then m� � n and n� �m are inverse. � &&g MMMMMMMMMMMMM�� n��mxx mqqqqqqqqqqqqqA //m�
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Proof: See [BW90, Jay90]. 2Properties of total morphisms are:Proposition 2.2.11For all morphisms f :A! B and g :B ! C in an ordered category O holds:1. f and g are total ) g � f is total2. g � f is total ) f is totalProof: Let h :D ! A be a morphism and d :D! D be a deation, then1. g � f � h � d = g � f � h ) f � h � d = f � h, since g is total, andf � h � d = f � h ) h � d = h, since f is total, so g � f is total.2. g � f � h � d = g � f � h ) h � d = h, since g � f is total, andf � h � d = f � h ) g � f � h � d = g � f � h ) h � d = h, thus f is total. 2Now we will show, how the morphisms in a diagram may be decomposed preservingthe cocone and colimit property of a sink. This decomposition forms the basis of thecocompleteness proof for the category of graph structures.Lemma 2.2.12 (Morphism Decomposition)Suppose dn :�n ! D is a sink of a C{diagram � and �e :�n ! �m is a morphism in �,as depicted in the left picture below.D�n ==dn {{{{{{{{{ //�e �mbb dmDDDDDDDDD D�n ==dn {{{{{{{{{ ))m� Skk m //f��1S �mbb dmDDDDDDDDDDiagram �0 is obtained from � by substituting �e as shown in the right picture above,where �e = f �m� and m� is left inverse of m, i.e., m� �m = 1S . Then dn :�n ! D iscocone rsp. colimit of �, i� dn :�0n! D is cocone rsp. colimit of �0. 6Proof: First we show the preservation of the cocone property.1. Suppose dn :�n ! D is cocone of �. Then follows for �0 that dm � f � m� =dm ��e = dn and dm � f = dm � f � 1S = dm � f �m� �m = dn �m, i.e., dn :�0n ! Dis cocone of �0.2. Suppose dn :�0n ! D is cocone of �0. Then follows for � that dm��e = dm�f�m� =dn, i.e. , dn :�n ! D is cocone of �.6The morphism from S to D is given by dm � f .17



This means, that the category of �{cocones is isomorphic to the category of �0{cocones.Since colimits are initial (unique) in cocone categories, also the colimit property is pre-served in both directions. 2Remark 2.2.13By induction follows easily that we can replace all morphisms as shown in lemma 2.2.12thereby still preserving the colimit. The idea is to represent partial morphisms as spansof an embedding m (with projection m�) and a total morphism f . Lemma 2.2.12 shows,that if we replace �e by its representation, the cocone rsp. colimit properties of a sinkof � is not inuenced. Later we will de�ne unique span representations of partial graphstructure morphisms, which form the basis of colimit computations in this category.2.3 Signatures, Algebras and HomomorphismsThe idea of signatures is to provide an elementary syntactic description of data structuresand operations on such structures.Definition 2.3.1 (Signature, Graph Signature)A signature SIG = (S;OP) consists of a set S of sorts and a set OP of operation symbols.The set OP is the union of pairwise disjoint subsets OPw;s, operation symbols withargument sorts w 2 S�, i.e., w = s1 : : : sn, and range sort s 2 S. We call operationsymbols from OP�;s constants of sort s. We declare operations op 2 OPw;s by op :w! sand constants by op :! s. We call w the arity and s the sort (or range ) of op. A signatureSIG = (S;OP) is called graph signature if it contains only unary operations, that is, OPconsists of subsets OP s;t with s; t 2 S.Algebras are the elementary semantic level associated with signatures. They providea set of data structures for each sort and an operation, i.e., a function on data structures,for each operation symbol. Homomorphisms are structure preserving functions betweenalgebras of the same signature.Definition 2.3.2 (Partial Algebra)Given a signature SIG = (S;OP), a partial SIG{algebra A = (A(S); A(OP)) consists ofa S{sorted set A(S) = (As)s2S of carrier sets and an OP{indexed family of operationsA(OP) = (opA)op2OP such that each operation symbol op :w ! s 2 OP is realized asa partial function opA :Aw ! As, where in the case w = � the operation opA is calledconstant and for w = s1 : : : sn we have Aw = As1 � � � � � Asn. We call Aw domain, Ascodomain and the subset of Aw, on which opA is de�ned, scope of opA denoted by AwjopA.We call a partial SIG{algebra total if all functions in (opA :Aw ! As)s2S are total, i.e. ,their scopes are equal to their domains. 7The notion of subalgebra is an essential for this thesis. Not only the de�nition of partialhomomorphisms depends on it, but also colimit computation in total graph structures iscompleted by the computation of a special subalgebra.7Constants op :�! s are de�ned, i� their scope is fA�g, i.e , opA :! As 2 As , otherwise their scopeis empty. 18



Definition 2.3.3 (Subalgebra)Given SIG{algebras A and B then B is subalgebra of A, denoted B � A, i� all carrier setsof B are subsets of the carrier sets of A and for all operations op :w ! s and argumentsb 2 Bw:� b is in the scope of opB i� b is in the scope of opA;� if b is in the scope of opB , then opB(b) = opA(b) 2 Bs.Homomorphisms are structure preserving morphisms in the category of (partial) algebras.Definition 2.3.4 (Homomorphism)Given a signature SIG and two SIG{algebras A and B, a total SIG{homomorphismf :A! B is a family of total functions f = (fs :As ! Bs)s2S such that for all operationsop :w! s and arguments a 2 Aw:� fw(a) is in the scope of opB i� a is in the scope of opA;� if fw(a) is in the scope of opB then opB(fw(a)) = fs(opA(a)) 2 Bs. 8A partial SIG{homomorphism f : A! B is represented by a total SIG{homomorphismfjAf :Af ! B from a subalgebra Af of A, called scope of f , to B. fjAf is the domainrestriction of f to its scope. Let C � A and D � B, then f(C) = ff(x) j x 2 Cg � B isthe image of C under f and f�1(D) = fx j f(x) 2 Dg � A is the preimage of D under f .The composition of two partial homomorphisms f :A! B and g :B ! C is given bythe componentwise composition of the underlying partial mapping. The scope of g � f isAg�f = f�1(Bg \ f(Af )).Remark 2.3.5The scopes of the operations in the preimage are the inverse images of the scopes of thecorresponding operations in the codomain. In the literature there are di�erent de�nitionsof (total) homomorphisms between partial algebras. Our de�nition corresponds to thenotion of closed homomorphisms rsp. closed subalgebras from [Bur86]. Note that foreach morphism f :A! B we have� If A is total and C is subalgebra of A, then C is total.� If A is total, then f(A) � B is total.� If B is total, then f�1(B) � A is total.Isomorphisms describe some kind of structural equivalence between algebras. Most con-cepts in category theory, for example colimits, describe objects only up to isomorphism.From this view we identify isomorphic objects. Note that in concrete tools based on cate-gory theoretical concepts we need a layer on top of them, managing the use of identi�ers.For instance, if we apply colimits for parameterisation of abstract data types, we wouldexpect identi�ers from the actual parameter in the actualised data type, although theseare identi�ed by the colimit construction with the identi�ers from the formal parameter.8For constants this means: opA :! As 2 As, i� opB :! Bs 2 Bs, and then opA = opB.19



Definition 2.3.6 (Isomorphism)A SIG{homomorphism f : A! B is called isomorphism if all functions in(fs :As ! Bs)s2S are bijective, written f : A �! B, which allows to construct an inverseisomorphism f�1 : B �! A with f�1 � f = 1A (identity on A) and f � f�1 = 1B (identityon B). In this case the algebras A and B are called isomorphic, written A �= B.2.4 Graph StructuresGraph structures can be viewed as a very powerful generalisation of graphs and attributedgraphs. They have been successfully applied for (data base) scheme transformations[CL95], the description of dynamic state transitions of parallel and distributed systems[Tae96b] and for the de�nition of the operational semantics of functional logic program-ming languages [CW94], to mention only some applications. Their de�nition enables anuniform treatment of all their concrete instances. For tool development especially thetransformation between di�erent graph structures is interesting. Later we will see, howcomplex graph structures will be transformed into Alpha algebras [EC96], which aremuch easier to implement.Definition 2.4.1 (Graph Structure)A partial SIG{algebra G is called partial graph structure if SIG is a graph signature,i.e., contains only unary operations. If G is a total algebra, then G is called totalgraph structure. G is called hierarchical, if s 6= t for all compositions of operationsGop1 � � � � �Gopn :Gs ! Gt. Given a graph signature SIG, then� The category of total graph structures over SIG with total homomorphisms is de-noted by GSTSIG.� The ordered category of partial graph structures over SIG with partial homomor-phisms is denoted by GSPSIG, where the order relation � on GSPSIG{morphisms isde�ned as f � f 0 :A! B, if Af � Af 0 and fjAf :Af ! B = f 0jAf :Af ! B.� The ordered category of total graph structures over SIG with partial homomor-phisms is denoted by GSSIG. The order is de�ned as for GSPSIG.Remark 2.4.2It can easily be shown that:1. The de�nition of a total morphism in de�nition 2.3.4 is consistent with de�ni-tion 2.2.9.2. Each deation d :A ! A in GSPSIG rsp. GSSIG is of the form m� � m, where m isembedding of projection m�, and d(A), the image of A under d, is subalgebra of A.3. The ordered category SET P of sets with partial morphisms can be regarded assingle sorted graph structure without operations. According to this view we applythe notions scope, partial morphism, domain restriction and the de�nition of theorder relation � from GSPSIG to SET P .20



Definition 2.4.3 (Strong Projection)A projection p :A ! B in a category of partial or total SIG{algebras is called strongprojection if its right inverse m :B ! A is an inclusion.Remark 2.4.4In GSPSIG and GSSIG a partial homomorphism f :A! B is de�ned as total homomorphismfjAf :Af ! B from a subalgebra Af of A. Thus we can represent the unique isomorphismclass of factorisations of f = g � m� into a projection m� followed by a total morphismg by choosing as corresponding embedding m the inclusion from Af to A and as totalmorphism fjAf :Af ! B. The left inverse of the inclusion is a strong projection.Colimit computations are not of the same level of complexity in all graph structures.In a modular colimit algorithm the computation for complex structures should use theimplementation of simpler ones. We derive the following order:1. The category SET of sets with total morphisms, i.e., one sorted graph structuresfrom GSTSIG without operations.2. The category SET P of sets with partial morphisms.3. The category of simple partial graph structures with one operation op, denoted GSPop.4. The category GSPSIG of graph structures with partial operations.5. The category GSSIG of graph structures with total operations.We will describe the implementation (and the constructive proof of cocompleteness) foreach of these categories separately, and each is based on the previous one. In addition wewill investigate comma categories over SET to handle signature and speci�cation mor-phisms for algebraic speci�cations. Additionally to this vertical decomposition a structureon the colimit itself is required if we want to make our algorithm incremental. Extensionof the diagram by a new object or morphism should not require a full recomputation, onlythe changes should by considered by the algorithm.We could think of a decomposition of the whole computation into special colimits likecoequalizers and coproducts (or pushouts) and initial objects using theorem 2.2.7. Wehave to be very careful here, because a naive implementation of this idea leads to a slowand unusable algorithm. But we can show that using our approach� there is no overhead for incrementality;� there is no need for separate implementations of pushouts and coproducts, becausethere is no overhead for general colimits;� unfortunately deletion of objects and morphisms cannot be done incrementally.The next de�nition suggests how we should represent partiality in our implementation.21



Definition 2.4.5 (Pointed Sets)The category of pointed sets SET ? is de�ned as category of total algebras with totalmorphisms over an one sorted signature with a single constant. The value of the uniqueconstant is denoted as ?.Remark 2.4.6Since pointed sets are total algebras, the constant is always de�ned, i.e., pointed setscontain a value ?, which is always mapped on ? by a SET ?{homomorphism.The next theorem states the (trivial) fact, that the categories SET ? and SET P areequivalent. Therefore given an implementation for SET , we get one for SET P almost forfree.Theorem 2.4.7 (Equivalence of SET ? and SET P)The categories SET ? and SET P are equivalent, i.e, there is a completion functorT? :SET P ! SET ? and a restriction functor R? :SET ? ! SET P , such thatR? � T? = 1SET P and T? �R? �= 1SET ?Proof: The completion functor T? :SET P ! SET ? and the restriction functorR? :SET ? ! SET P are de�ned as follows:� For all sets S we de�ne T?(S) = S?, where S? = S ] f?g.� For all pointed sets S? we de�ne R?(S?) = S, where S = S? � f?g. 9� For all morphisms f :A! B we de�ne T?(f) = f? :A? ! B?, wheref?(x) = ( f(x) if x 2 Af? otherwise� For all morphisms f? :A? ! B? we de�ne R?(f?) = f :A! B, where f is givenby its scope Af = fa 2 A? j f?(a) 6= ?g and its total domain restriction fjAf ,where fjAf (x) = f?(x).These de�nitions immediately provide, that identities and compositions of morphisms arepreserved by T? and R?, so they are indeed functors, and that R? � T? = 1SET P andT? �R? �= 1SET ?. 2Definition 2.4.8 (SET ? as Ordered Category)Since SET ? and SET P are equivalent we de�ne the order on SET ?{morphisms asf � f 0 , R?(f) � R?(f 0)Remark 2.4.9 Note that both T? and R? preserve embeddings, projections, inclusionsand strong projections.9A �B is de�ned as fa 2 A j a 62 Bg. 22



But how are SET ? and SET related ?Theorem 2.4.10 (Relation of SET? and SET )The free functor F :SET ! SET ? is left adjoint to the corresponding forgetful functorV :SET ? ! SET . Thus F preserves colimits from SET to SET ?.Proof: See [EM85]. 2Remark 2.4.11 Note that the forgetful functor V :SET ? ! SET preserves limits, butnot colimits. But we will see later, that colimits can be computed in SET ? as easy as inSET .The following proposition characterises the largest total subalgebra of a given partial graphstructure. This construction not only important from a theoretical point of view. We willprovide an e�cient implementation computing GSSIG{colimits from GSPSIG{colimits.Proposition 2.4.12 (Totalisation)Let T (A) � A denote the largest total subalgebra of A with respect to �. Let C � A,D � B and E;E 0 be graph structures and f :A ! B be a partial homomorphism inGSPSIG. Then we have:1. C is total , f(C) is total2. D is total , f�1(D) is total3. T (f(C)) = f(T (C))4. T (f�1(D)) = f�1(T (D))5. T (E \ E 0) = T (E) \ T (E 0)6. T can be extended to a functor T :GSPSIG ! GSSIG (called totalisation), where thescope of T (f) :T (A)! T (B) is T (Af) and its total domain restriction is de�ned asfjT (Af).Proof:1. and 2. follow directly from the de�nition of SIG{homomorphisms (de�nition 2.3.4),since the scopes of the algebra operations are preserved by f from C to its imagef(C) and from D to its preimage f�1(D).3. T (C) is total, with 1. follows f(T (C)) � f(C) is total, since T (f(C) is the largesttotal subalgebra of f(C), we have f(T (C)) � T (f(C)).With 2. we have, f�1(T (f(C))) � C is total, hence subalgebra of T (C) = f�1(f(T (C))),we derive f�1(T (f(C))) � f�1(f(T (C))), T (f(C)) � f(T (C)).4. Follows analogously to 3. 23



5. Since T (E) \ T (E 0) � E \ E 0 is total we have T (E) \ T (E 0) � T (E \ E 0). And sinceT (E\E 0) � T (E) and T (E\E 0) � T (E 0) we also have T (E \ E 0) � T (E) \ T (E 0).6. We show that T :GSPSIG ! GSSIG is a functor:� T (f) :T (A)! T (B) is GSSIG{morphism sinceT (f)(T (A)) = fjT (Af )(T (A)) � f(T (A)) � T (B)because f(T (A)) � B is total, and T (B) is the largest total subalgebra of B.� T (1A) = 1AjT (A) = 1T (A)� For all GSPSIG{morphisms f :A! B and g :B ! C holdsT (g � f) = T (g) � T (f)The scope of T (g) � T (f) is de�ned asT (A)T (g)�T(f) = T (f)�1(T (B)T (g) \ T (f)(AT (f)))From 3., 4. and 5. we can derive that it is equal to the scope of T (g � f),i.e., T (Ag�f) = T (f�1(Bg \ f(Af ))). Since both T (g � f) and T (g) � T (f) aredomain restrictions of g � f to this scope, the equality is shown. 2Theorem 2.4.13 (Relation of GSPSIG and GSSIG)The totalisation functor T :GSPSIG ! GSSIG is a left adjoint functor, thus preserves colimitsfrom GSPSIG to GSSIG. Its right adjoint is the inclusion from GSSIG into GSPSIG.Proof: We denote the inclusion functor by I :GSSIG ! GSPSIG. For all GSPSIG{objectsA the unit of the adjunction is de�ned as uA :A ! I(T (A)), where the scope of uA isT (A), its total domain restriction is 1AjT (A).A //uA ''f OOOOOOOOOOOOOO I(T (A))�� I(g)I(B)Nowwe have to show that for all GSPSIG{objectsA, GSSIG{objectsB and GSPSIG{morphismsf :A ! I(B) there is an unique GSSIG{morphism g :T (A) ! B with I(g) � uA = f .Obviously uA is a strong projection, i.e., has a right inverse inclusion i with uA� i = 1T (A).Since I(g) = g we derive:g � uA = f , g � uA � i = f � i , g � 1T (A) = f � i , g = f � iThus g is uniquely determined by g � uA = f . 10 210An outline of this proof was developed during private communication with Ingo Cla�en.24



Remark 2.4.14 This theorem enables a very e�cient and modular colimit computationfor GSSIG. For �nite carrier sets there is an algorithm with linear complexity computingthe largest total subalgebra of an algebra.Theorem 2.4.15 (Cocompleteness of Hierarchical Total Graph Structures)The category of hierarchical total graph structures with partial morphisms has all �nitecolimits.Proof: A (non-constructive) proof can be found in [L�ow93a]. 2Remark 2.4.16 Unfortunately the proof given in [L�ow93a] isn't of much help in thedesign of an e�cient colimit algorithm. Many important applications (Alpha algebras[EC96], AGG-graphs [TB94]) violate the hierarchy constraint. A constructive proof thatthe category of general total graph structures GSSIG is cocomplete is essential part of thisthesis.Remark 2.4.17 Note that in [L�ow93a] counterexamples for the cocompleteness of gen-eral total algebras with partial morphisms are given, which is the main motivation for therestriction to graph structures.Now we have gathered all the theoretical background, to give an outline how colimits inGSSIG can be computed in a modular and e�cient manner:1. First we investigate colimits in the category of sets SET . The colimit is computedas disjoint union followed by a factorisation, which is e�ciently implementable us-ing the UNION-FIND algorithm [Tar83]. Note, that in [BW90] application of theWarshall's Algorithm [Sed83] for the factorisation is proposed. This leads to anine�cient colimit computation, since we have to compute a factorised set and notthe factorising equivalence.2. For the category of sets with partial morphisms SET P, we switch to the equivalentcategory SET ? by adding a ?{element to the sets in the diagram. After applicationof the algorithm for SET , we have to apply the restriction functor R?, i.e., the(only) equivalence class containing ?{elements has to be deleted. It is a commonmistake (see for example [L�ow93a]) to mix factorisation and deletion, which causessigni�cant unnecessary overhead.3. Now we investigate the category of simple partial graph structures with only one op-eration op called GSPop. This category is similar to the arrow category (SET P;SET P),which means, that the colimit can be computed independently for the carrier setsand then for the operation. But we need to apply lemma 2.2.12 to split the mor-phisms of the �rst component, to express exactly the homomorphism properties ofGSPSIG. This fact was already noticed in [Kor96].25



4. Next we regard a diagram GSPSIG with SIG = (S;OP ) as a set of SET P{diagrams,one for each sort s 2 S, together with a set of GSPop{diagrams, one for each operationop 2 OP . In this view the carrier sets are redundantly represented, but we will show,that this redundancy does not lead to an inconsistency with respect to colimitsand their universal morphisms. Thus we can simply put together the separatelycomputed colimits. Note that in GSSIG, this technique is not applicable, becausethere the operations determine the colimits computed for the carrier sets. This is ourmain motivation to investigate GSPSIG, since we do not consider direct applicationsfor partial graph structures.5. Finally we apply theorem 2.4.13 and perform a totalisation of the result, obtainingthe desired GSSIG{colimit.
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3 Colimits in the Category of Sets and in CommaCategories over SetsThis chapter provides the theory for colimit computations in SET and in categories con-structed as comma categories over SET . We chose as examples signatures, speci�cationsand attributed graphs. The constructive cocompleteness proofs presented here have adirect correspondence to the code of the colimit library, therefore serving also as a cor-rectness proof of the implementation. In addition we can derive an estimation of theexpected performance by a proof of the complexity of the computations. But the theorydoes not tell us, how the data structures have to be designed to optimise the real per-formance. As will be explained in chapter 4, new techniques from generic programminghelped us to try di�erent data structures without modifying the code of the algorithmsto determine the best solution.In addition we will give a brief overview over an example application of the colimitlibrary, namely structuring operations for algebraic speci�cation languages.3.1 The Category of SetsColimit computation in SET is fundamental for the implementation of colimits in sig-natures, speci�cations, attributed graphs and graph structures in general. Design andperformance of these algorithms depend heavily on the design of the data structures andalgorithms in SET . Similar to [RB88] we derive the algorithms from a proof of cocom-pleteness of SET (theorem 3.1.5), but because we have di�erent requirements (genericity,reusability and e�ciency) we choose a di�erent proof leading to an alternative design.First we de�ne the equivalences induced by a SET {morphism, both on its domain andcodomain.Definition 3.1.1 (Equivalences Generated by Morphisms)� The equivalence �h induced on A by a SET {morphism h :A! B is de�ned as�h = f(x; y) j h(x) = h(y)g� For an arbitrary SET {diagram � with coproduct pn :�n ! P , the equivalence ���on P generated by its edges is the equivalence closure of ��, de�ned as union of all�e = f(pn(x); pm(�e(x))) j x 2 �ngfor all edges e with source n and target m in �.In SET , computation of coproducts and coequalizers is well known, we present the factsin the next lemma. 27



Lemma 3.1.2 (Coproduct and Coequalizer in SET )In SET the coproduct is the disjoint union. Equivalence relations are represented by co-equalizers, that is , given the diagram A ))f 55g B //h C in SET , �gf denotes the equivalenceclosure over f(f(x); g(x)) j x 2 Ag on B. Then h is coequalizer of f and g i� h is ontoand �gf = �h. The quotient function corresponding to �gf is coequalizer of f and g. Amap h is onto i� h is epi i� h is coequalizer (of some f and g).Proof: See [BW90]. 2Together with lemma 2.2.6 this provides already a recursive algorithm for colimitcomputation using coproducts and coequalizers. But this solution is not optimal. Wewill �rst look at the whole colimit, choose an e�cient implementation, and then checkhow we can achieve incrementality of the algorithm. We will loose the ability of an easyincremental deletion, but will gain a large performance boost.The next lemma is needed for the construction of the universal morphism from thecolimit to other cocones, which is used in theorem 3.1.5 and for the colimit algorithm forcomma categories.Lemma 3.1.3Given the SET {diagram BA 66f nnnnnn ((g PPPPPPP Cwhere f is an onto map and �f � �g. Then there is an unique morphism h :B ! C suchthat the diagram commutes.Proof: De�ne h by h(f(x)) = g(x). The de�nition is complete because f is onto. It issound, because f(x) = f(y)) x �f y) x �g y) g(x) = g(y)Obviously h � f = g holds. h is unique since f is epi. 2The following lemma characterises cocones by the factorisation and deletion, they induceon the coproduct. It is necessary for proving applicability of lemma 3.1.3.Lemma 3.1.4Let pn :�n! P be coproduct of � in SET . Let dn :�n ! P be cocone of � so that thediagram below commutes.�n�� �e **pn VVVVVVVVVVV **dnP //d D�m 44pm hhhhhhhhhhh 44dm28



d :P ! D is de�ned by the universal property of the coproduct P in the diagram obtainedfrom � by removing all edges. Then holds��� � �dProof: By induction over the number of morphisms in �. If � has no morphisms,�� is the empty relation, ��� � �d trivially holds.For the induction step we assume that���0 � �d (1)where �0 is obtained from � by removing morphism �e :�n ! �m. Since d�pn :�n ! Cis cocone after insertion of �e, we have, applying de�nition 3.1.1,d � pn = d � pm ��e ) �e � �d (2)and together with assumption (1) follows �e [ ��0 � �d, hence(�e [ ��0)� = ��� � �d (3)because �d is an equivalence. 11 2Now we are ready to show, how colimits in SET can be computed.Theorem 3.1.5 (Cocompleteness of SET )Let � be a SET {Diagram, P = Un2N �n denotes the disjoint union of all objects �n,pn :�n ! P are the corresponding injections, Let C = P=��� and c :P ! C be thecorresponding quotient function, that is, �c = ���. Then c � pn :�n ! C is colimit of �.Proof: We show the cocone property by induction over the number of morphisms in�. If � has no morphisms, �� is the empty relation, C = P and c � pn = pn because cis the identity on P .For the induction step we have the situation of lemma 2.2.6.�n
�� �e $$pn JJJJJJJJJJ &&c0n ''cnP //c0 C 0 //c00 C�m ::pm tttttttttt 88c0m 77cm11Informally, d must identify everything in P , which is identi�ed by �e.29



To prove that c � pn :�n ! C is colimit we assume that c0 � pn :�n ! C 0 is colimit in �0where �0 is obtained from � by removing morphism �e :�n ! �m and C 0 = P=���0 .From the de�nition of c and c0 follows �c = ��� and �c0 = ���0, since ���0 � ���,we have �c0 � �c. So we can apply lemma 3.1.3, that is, there is an unique morphismc00 :C 0! C such that c00 � c0 = c.Because �e � �c we have c � pn = c � pm ��e, and since c0 � pn :�n ! C 0 is coconein �0, c � pn :�n ! C is cocone in � (and �0).Suppose there is another cocone dn :�n ! D in � with d :P ! D de�ned by theuniversal property of the coproduct P in the diagram obtained from � by removing alledges. �n
�� �e &&pn MMMMMMMMMMMM P //c %%d LLLLLLLLLLLL C�� h�m 88pm qqqqqqqqqqqq DFollowing lemma 3.1.4, ��� � �d holds. Hence �c � �d and following lemma 3.1.3 thereis an unique morphism h :C ! D with h � c = d commuting the whole diagram. 2That means, in the second step of the algorithm the sets are factorised by the equiv-alence relation induced by the morphisms, i.e., colimit computation in SET consists ofcomputing the disjoint union of sets followed by a factorisation. The construction of theuniversal morphism to another cocone is based on the proof of lemma 3.1.3. We will needthis construction later for colimit computation for comma categories.Since we know from theorem 3.1.5, that colimit computation means mainly to separate aset (the coproduct) into disjoint subsets, we derive for the complexity of colimit compu-tations in SET :Theorem 3.1.6 (Complexity of SET {Colimit Computation) Suppose applica-tion of a morphism to an element takes constant time. Then there is an algorithm forthe computation of the colimit of a SET {diagram � which has worst case running timeO(n + m � �(m;n)), where m = jP j is the number of elements in the disjoint union,n = j �� j is the size of the relation induced by the morphisms and � denotes the inverseof the Ackermann's function.Proof: Obviously the disjoint union can be computed in linear (O(m)) time, for in-stance by tagging the elements. For the factorisation choose the UNION-FIND algo-rithm with weighted union and path compression, which has worst case running timeO(n + m � �(m;n)) [Tar83] for n union and m �nd operations. The factorisation needsn = j �� j union operations. The colimit morphisms cn can be computed by m = jP j �ndoperations. 230



The inverse of the Ackermann's function is very slowly growing. In any conceivableapplication, �(m;n) <= 4; thus, we can view the running time as linear in all practicalsituations. Later we will see, how this result should be realized in a concrete implemen-tation.
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3.2 Comma Categories over SetsSignatures, speci�cations and attributed graphs can be viewed as comma categories overSET , which means that colimit computation in these categories can be modularised asshown below.Definition 3.2.1 (Comma Category)Let L : A ! C and R : B ! C be functors. Then triples (A; f : L(A)! R(B); B) areobjects of the comma category (L;R) where A rsp. B are objects in A rsp. B. Morphismsin (L;R) are pairs (s :A! A0; t :B ! B 0) with f 0 � L(s) = R(t) � f where composi-tion is de�ned component-wise. The associated projection functors left : (L;R)! A andright : (L;R)! B are de�ned by left(A; f;B) = A and right(A; f;B) = B. If A = C andL = 1C we denote (L;R) by (C; R), if in addition B = C and R = 1C we denote (L;R) by(C; C) and call it arrow category over C.Theorem 3.2.2 (Cocompleteness of Comma Categories)The comma category (L;R) is �nitely cocomplete if L and R are �nitely cocomplete andthe functor L preserves colimits.Proof: Let � be a diagram in (L;R) and �A;�B be the diagrams obtained from �by application of the projection functors left and right. Note that �A and �B share thesame shape with �. Objects in � at node n are denoted as (An; fn; Bn). Suppose thatan :An ! A and bn :Bn ! B are colimits of �A rsp. �B.L(An) //fn��L(an) R(Bn)�� R(bn)L(A) //f R(B)Then R(bn) � fn :L(An)! R(B) is cocone on L(�A). In this diagramfn :L(An)! L(A) is colimit by the co-continuity of L. Thus by its universal propertythere is an unique f such that the diagram above commutes. The universal property ofcocone (an; bn) : (an; fn; bn)! (A; f;B)in � can be derived from the universal properties of an :An ! A and bn :Bn ! B, see[Pad91]. 2This proof suggests an algorithm for computing colimits in comma categories (L;R) whereL :A ! C and R :B ! C:1. Compute the colimits an :An ! A of �A and bn :Bn ! B of �B.2. Construct the C{morphism f using the universal property of an :An ! A such thatthe diagram above commutes, that is, for all x 2 An and n 2 Nf(L(an)(x)) = R(bn)(fn(x))32



This constructive de�nition of f is complete, because every element in colimit objectA is image of at least one x 2 An. If there are more than one, we have the choiceto avoid recomputation or to check consistency of the comma category morphisms.3.2.1 SignaturesThe usual de�nition as pairs (S;OP) of sets of sorts S and operations OP is equivalent tothe following de�nition as comma category.Definition 3.2.3 (Signatures as Comma Category)The category of signatures SIG is de�ned as the comma category (SET ;M) where M :SET ! SET is de�ned by M(S) = S� � S, M(s : S ! S0) = s� � s : S� � S ! S0� � S0.Objects (OP; a;S) consist of a set of operations OP, an arity function a : OP ! S� � Sand a set of sorts S. We denote an operation � 2 OP with arity a(�) = (s1; : : : ; sn; s) by� : s1; : : : ; sn ! s.For the colimit computation of a SIG{diagram � we have the following situation:OPn��ope //an((opn PPPPPPP S�n � Snuu s�n�snjjjjjjj �� s�e�seOP //a S� � SOPm //am66opm nnnnnnn S�m � Smii s�m�smTTTTTTTLet �OP rsp. �S the corresponding SET {diagrams. (ope; se) is the SIG{morphism foredge e : n ! m. The SIG{colimit (opn; sn) : (OPn; an;Sn) ! (OP; a;S) for all nodes nin � can be computed using the two SET {colimits opn : OPn ! OP and sn : Sn ! Stogether with the arity functions an : OPn ! S� � S on the operation sets as describedabove for general comma categories.Theorem 3.2.4 (Complexity of SIG{Colimit Computation)Suppose application of a morphism to an element and adding a single relation to an arityfunction takes constant time. Then there is an algorithm computing the colimit of a SIG{diagram which has worst case running time O(n +m � �(m;n)), where m = jPOPj+ jPSjis the number of all operations plus the number of all sorts, n = j ��OP j+ j ��S j is thesum of the sizes of the relations induced by the morphisms.Proof: Follows from theorem 3.1.6 and our remarks on the proof of theorem 3.2.2.Because the length of the sort sequences assigned by the arity functions to the operationsjan(� : s1; : : : ; sk ! s)j = k+ 1 is �nite, its sum P�2OPn;n2N jan(�)j is lower then c � jPOP jfor some constant c. Thus we need at most j ��OP j+ j ��S j union and c � jPOPj+ j ��S j�nd operations. 233



3.2.2 Speci�cationsFlat algebraic speci�cations are de�ned as pairs consisting of a signature and a set ofaxioms (equations, conditional equations or Horn clauses). Speci�cation morphisms arede�ned as signature morphisms, such that the translated axioms are deducible. Dedu-cability can be investigated by a theorem prover, using the colimit on the correspondingSIG{diagram (opn; sn) : (OPn; an;Sn) ! (OP; a;S). Translation of the axioms usingthe computed morphism (opn; sn) into the colimit SIG{object is straightforward and has(in practice) linear complexity. Structuring operations on speci�cations as described in[Cla93] are expressed as diagrams over at speci�cations. Flattening of structured spec-i�cations is done by an algorithm based on colimit computation on the correspondingSIG{diagram. A more detailed discussion on algebraic speci�cations can be found insection 3.3.3.2.3 Attributed GraphsAnother useful comma category is the category of attributed graphs as de�ned in [Sch91a].We will not further investigate graph transformations in this category, because graphstructures (see chapter 3) can be viewed as a generalisation of attributed graphs and aremore exibly applicable.Definition 3.2.5 (Attributed Graphs)The category of graphs (directed multigraphs) GRAPH is de�ned as the comma category(SET ; P ) where P : SET ! SET is de�ned by P (N) = N � N , P (f : N ! N 0) =f � f : N � N ! N 0 � N 0. Objects are triples (E; st;N), where st : E ! N � Nde�nes source rsp. target node of an edge in E. 12 The category of attributed graphsAGRAPH is de�ned as the comma category (W;F ) whereW : GRAPH ! SET extractsthe nodes and edges: W ((E; st;N)) = E + N , W ((fE; fN)) = fE + fN . The forgetfulfunctor F : A ! SET from an arbitrary attribute category A maps each A{object andA{morphism to a representation in SET by \forgetting" the structure of A. Objectsare triples (G; a;A) where G is a graph (E; st;N), a an attribute function assigning anattribute from the A{object A to each node and edge.Corollary 3.2.6 (Cocompleteness of AGRAPH)Category AGRAPH is cocomplete if the attribute category A is cocomplete.Proof: Follows from theorem 3.2.2. See also [Sch91a]. The category of F-graphs de�nedthere is a generalisation of attributed graphs. 2An important example are algebra attributed graphs where the attribute category isthe category of SIG{algebras over some signature SIG . The category of algebra attributedgraphs is cocomplete because the category of SIG{algebras is cocomplete. Note that� The de�nition suggests an algorithm for computing colimits of attributed graphdiagrams similar to that for signature diagrams.12This de�nition is equivalent to de�nition 2.2.1.34



� From the implementation point of view the image of the forgetful functor F can beregarded as typed pointers uniquely identifying the attributes.� Colimit computation on attributed graphs can be performed independent from theattributes. It is based on the colimit computation of the corresponding unattributedgraphs which itself uses the computation of the colimits on the node{ and edge{sets.As for signatures the worst case running time is almost linear.
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3.3 Example Application: Parameterised Algebraic Speci�ca-tionsIn this section we present a brief overview of the theory of parameterised algebraic speci-�cations to show where colimit computations in signature categories may be applied. Weconcentrate on syntactical aspects, for the treatment of semantical aspects we refer mainlyto [Cla93, BG80], from where we use the basic de�nitions and constructions. Another verypromising approach is used in the SPECWARE system [SJ95] where colimits are used di-rectly as operations combining speci�cations. In [Smi93] techniques for automatic andsemi-automatic construction of speci�cation morphisms are presented.3.3.1 Institutions and Speci�cation FramesInstitutions [GB84] have been introduced by Goguen and Burstall to provide a structuraltheory of algebraic speci�cations that is independent of a concrete speci�cation conceptlike, e.g., horn clause speci�cations. They have a very close relationship to speci�cationframes (also called speci�cation logic) with a logic of constraints presented by Ehrig et.al. in [EG91, EBCO91, EBO91, EJO93]. Speci�cation frames together with constraintslead to a powerful abstraction of existing speci�cation concepts. They are used in [Cla93]to provide structuring operations that are independent of concrete speci�cation concepts.Definition 3.3.1 (Specification Frame)A speci�cation frame SF = (SPEC;MOD: SPEC ! CATOP) consists of a categorySPEC of (abstract) speci�cations and speci�cation morphisms and a contravariant functorMOD: SPEC ! CATOP (where CAT is the quasi category of all categories and CATOPthe dual category of CAT), called the model functor, assigning to every speci�cationspec 2 SPEC the category of models MOD(spec) and to every speci�cation morphismf : spec! spec0 the forgetful functor Vf =def MOD(f):MOD(spec0)! MOD(spec).For the semantical theory of structuring operations we require compositionality ofspeci�cation frames as de�ned below.Definition 3.3.2 (Compositional Specification Frame)A speci�cation frame SF = (SPEC;MOD) is called compositional if SPEC is �nitelycocomplete and MOD preserves �nite colimits.Examples of compositional speci�cation frames are conditional equational speci�ca-tions based on partial algebras [Rei87, Wol90, CGW92] and speci�cations with constraints[EM90]. Constraints are used to achieve standard interpretations for certain speci�cationparts which cannot be expressed by the speci�cation frame. In [Cla93] the logic of con-straints is extended for technical reasons to cover also morphisms.Definition 3.3.3 (Extended Logic of Constraints)An extended logic of constraints ELC = (Constr; j=Obj; j=Mor) on a speci�cation frame36



SF = (SPEC;MOD) is given by a functor Constr: SPEC ! CLASSES and for everyspeci�cation spec 2 SPEC two relationsj=Obj� Obj(MOD(spec))� Constr(spec) (4)j=Mor�Mor(MOD(spec))� Constr(spec) (5)called satisfaction relations, such that for all speci�cation morphisms h: spec ! spec0,all A0; f 0 2 MOD(spec0) and c 2 Constr(spec) the following satisfaction conditions aresatis�ed: A0 j=Obj h#(c) () Vh(A0) j=Obj c (6)f 0 j=Mor h#(c) () Vh(f 0) j=Mor c (7)with h# = Constr(h).Examples are initial, (free) generating, �rst order logical constraints [EM90] and modelconstraints [Cla93]. For tool developmentwe identify two tasks with respect to constraints:� Checking whether a constraint holds for a given speci�cation.� Translation of constraints by speci�cation morphisms.We don't cover the �rst issue in this thesis, the second one is easy implementable for a givenspeci�cation morphism. In [Cla93] it is shown, that a speci�cation frame together with anextended logic of constraints induces a speci�cation frame of abstract speci�cations withconstraints. It is compositional if the underlying speci�cation frame is compositional.Definition 3.3.4 (Specifications with Extended Constraints)For every speci�cation frame SF = (SPEC;MOD) and every extended logic of constraintsELC = (Constr; j=Obj; j=Mor) the category SPECC has1. speci�cations with constraints specc = (spec; C) as objects, with spec 2 SPEC andC � Constr(spec), and2. consistent speci�cation morphisms as morphisms, where a consistent speci�cationmorphism h: (spec1; C1)! (spec2; C2) is a speci�cation morphism h: spec1 ! spec2that satis�es C2) h#(C1).3.3.2 Unstructured (at) speci�cationsThe category SPECC of speci�cations with constraints forms the basis of several struc-turing operations. An algebraic speci�cation in SPECC consists of a signature, a setof axioms and a set of constraints. Speci�cation morphisms are de�ned as signaturemorphisms, such that the translated axioms are deducible. They are consistent, if thetranslated constraints hold in the target speci�cation.Structuring operations on speci�cations involve only syntactical translations of thesignatures and axioms may be implemented using colimit computations for signatures.They form the basis for semantical transformations [Smi93] which need support from atheorem prover. 37



3.3.3 Based ObjectsBased objects were introduced by Burstall and Goguen [BG80] to provide a category the-ory based description of sharing issues in speci�cation languages. The idea behind basedobjects is to regard a structured unit composed of several related subparts as a holisticentity. Note that this theory and the syntactical part of the structuring operations basedon it [Cla93] is applicable also in other areas, like data base integration or parametrisationof programming languages.Definition 3.3.5 (Based Object, Based Morphism)Given a category C and a diagram � in C called environment. A based object A =an :An ! Â for � is a cocone on a sub-diagram A of �, called base of A. Its apex isdenoted by Â and the morphisms an are called base morphisms. Given two based objectsA = an :An ! Â and B = bn :Bn ! B̂ such that A is a sub-diagram of B, then a basedmorphism f :A! B 13 is induced by a morphism f̂ : Â! B̂ such thatÂ //f̂ B̂�n__ an>>>>>>>>>> ??bn ����������commutes for all nodes n in A � �. The category of based objects over C for environment� is denoted by C�. The identity based morphism 1A :A! A is induced by 1Â : Â! Â,the composition g � f :A! C of two C�{morphisms f :A! B and g :B ! C is inducedby ĝ � f̂ : Â! ĈNow we present some auxiliary operations on based objects and environments. Thecomposition of a based object A in C� with a C{morphism f creates a new based objectA0 with the same base as A by applying f to the apex Â of A. The base reduction cutsaway part of the base of a based object.Definition 3.3.6 (Composition, Base Reduction)Let A = an :An! Â with An in A be based object in C�.� Let f : Â! Â0 be morphism in C. Then A ? f = A0 = f � an :An ! Â0 with A = A0denotes the composition of A with f .� Let B be sub-diagram of the environment �, then A#B, the base reduction of A toB is given by A#B = an :An ! Â with An in A#B = A \ B.The induced based object for a diagram A represents the colimit of A, the induced basedmorphism represents the universal morphism from the colimit to another cocone.13Note that a base morphism is a morphism from a base object to the apex of a based object, where abased morphism is a morphism between two based objects.38



Definition 3.3.7 (Induced Based Object and Morphism)Let A be sub-diagram of the environment �. Then Obj(A) = A = an :An ! Â, the basedobject in C� induced by A, is de�ned such that an :An ! Â is colimit of A in C.Let B = bn :Bn ! B̂ be based object in C� where A is a sub-diagram of B. ThenMor(B;A) :Obj(A) ! B, the based morphism induced by B and A is induced by theunique universal morphism u : Â! B̂ from the colimit object Â to the cocone object B̂,since Obj(A) is colimit and B is cocone of A in C.The C{diagram � induced by a C�{diagram � is the "attened" version of �, i.e., weforget about the structure at the level of based objects.Definition 3.3.8 (Induced Diagram)Let A = an :An ! Â with An in A be based object in C�, then Dia(A), the C{diagraminduced by A, is the smallest diagram containing A with� Dia(A)i = Â� Dia(A)en = an for all nodes n with An in A.where i is a fresh node and the en are fresh edges not in A.Let � be a diagram in C�, then Flat(�), the C{diagram induced by � is the smallestdiagram containing� Dia(�n) for all nodes n in �, where the fresh edges are chosen such that all edges in� are not in Dia(�n).� Flat(�)e = �̂e : �̂n ! �̂m for all edges n e�! m in �, where the C{morphism �̂einduces �e : �n ! �m in C�.The next operation extends the environment � by a new based object.Definition 3.3.9 (Extension of the Environment)Let environment � be diagram in C and A = an :An ! Â with An in A a based objectin C�. Then bind(i; A;�) = �0 is the smallest diagram containing � with� �0i = Â� �0en = an for all nodes n with An in A.where i is a fresh node and the en are fresh edges not in �.bind(hi1; : : : ; imi; hA1; : : : ; Ami;�) denotes the straightforward extension of bind(i; A;�)to tuples of nodes and based objects.Colimits of diagrams � of based speci�cations are implemented using the "attened"diagram Flat(�).Lemma 3.3.10 (Cocompleteness of C�)The category C� of based objects over C has all �nite colimits if C has all �nite colimits.39



Proof: A proof can be found in [BG80]. The idea is as follows: Let � be a diagram inC� then the colimit of � is C = cn :Cn ! Ĉ with Cn in C where1. Apex Ĉ is colimit of Flat(�) (see de�nition 3.3.8) in C.2. Base C is the union of the bases of all based objects in �.3. The colimit morphisms cn are given by the colimit construction in step 1. above.For all C�{objects Cn in C, cn is induced by the colimit injection from Ĉn to thecolimit object of Flat(�). 2Definition 3.3.11 (Based Specifications)Given a category of speci�cations with constraints SPECC, the category of based speci-�cations with environment � is the category SPECC� of based objects over SPECC.Corollary 3.3.12The category SPECC� of based speci�cations has all �nite colimits.Proof: Follows directly from lemma 3.3.10. 23.3.4 Parameterised Speci�cationsA parameterised speci�cation has a formal parameter part that is to be instantiated byactual parameters. It can be realized by de�ning a parameterised speci�cation to be apair (P;B) of speci�cations [EM85] consisting of a parameter part P and a body part Bsuch that there is a speci�cation morphism from P to B, which normally represents aninclusion relation between parameter and body. That means, parameterised speci�cationsfor a given category SPECC of speci�cations with constraints can be de�ned as morphismsin SPECC.Definition 3.3.13 (Parameterised Specifications)Given a category of speci�cations with constraints SPECC, the category of parameterisedspeci�cations is the arrow category PSPEC = (SPECC;SPECC) over SPECC.Parameterised speci�cations with parameter P and body B are denoted by P p�! B. Un-parameterised speci�cations are regarded as morphisms with empty domain and denotedby ; 2B�! B.Since arrow categories are special comma categories, we know from theorem 3.2.2and section 3.2.2 how to compute colimits in PSPEC, if we restrict us to a syntacticaltranslation of the axioms.Proposition 3.3.14The category PSPEC of parameterised speci�cations w.r.t. a compositional speci�cationframe SF and an extended logic of constraints ELC has all �nite colimits.Proof: Follows directly from theorem 3.2.2, since SPECC has all �nite colimits. 240



3.3.5 Based Parameterised Speci�cationsWe represent the structure of a speci�cation in a diagram � which serves as an environ-ment. The idea is that we are able to retrieve the places of origin for all sorts, operationsand axioms in the speci�cation. On a higher level of abstraction we view a cocone A,where the base of A is a subdiagram of �, as object in the category of based speci�cations.A based speci�cation represents a speci�cation, the apex, together with a set of importedspeci�cations, the base of the cocone. Colimits at the level of based speci�cations arecomputed via colimits on the corresponding diagram of (at) speci�cations.Definition 3.3.15 (Category of Based Parameterised Specifications)The category PSPEC� of based parameterised speci�cations w.r.t. PSPEC and a PSPEC{diagram � (the environment) is the category of based objects in PSPEC over �.Based parameterised speci�cations from PSPEC� are denoted by P p�! B where P̂ p̂�! B̂denotes its apex.Proposition 3.3.16The category PSPEC� of based parameterised speci�cations w.r.t. PSPEC and an envi-ronment � is �nitely cocomplete.Proof: Follows directly from proposition 3.3.14 and lemma 3.3.10. 2To provide tool support for based parameterised speci�cations, we need general colimitcomputations for signatures and speci�cations since their structuring mechanisms expressthe sharing of subparts by additional morphisms.3.3.6 Algebraic Concepts for ModularityThe development of large software systems naturally requires mechanisms to divide sys-tems into reasonable pieces and modularisation is regarded as a major technique to achievethis goal. No matter what speci�c model of software development and what modularisa-tion technique are adopted some general modularisation principles can be identi�ed.� splitting of the workload and system into pieces� hiding of irrelevant information in system pieces� compositionality of system correctness� compositionality of system formalisationThe algebraic concepts of modularity were introduced by Weber and Ehrig in [WE86] andfurther established in [EM90] and [CEW93]. These concepts are based on the pioneeringwork of Parnas on modules [Par72] and of Liskov and Zilles on data abstraction [LZ75].In contrast to many other data abstraction approaches modules have a precise alge-braically de�ned semantics that can be considered the prerequisite for the formal spec-i�cation of modular systems and for the veri�cation of their correctness. An important41



property of the approach from [EM90] is the formal nature of imported parts, i.e., an im-port interface only states what kinds of services are needed but not which module providesthem.Modules in this approach consist of four constituent parts: an export interface, animport interface, a body, and a parameter part.moduleparameterimport interfaceexport interfacebodyendmoduleModular systems are interconnections of modules with matching import and export in-terfaces. The entire modular system is a hierarchy the interconnected modules.The import interface contains a number of formal parameters that may be matchedby the export of one or a number of other modules. These formal parameter parts arecombined into one speci�cation. The parameter represents the part of the import, whichis also part of the export interface, and hence visible to the user. The theory from[EM90] may be combined with the theory of based speci�cations to support also thesharing of subparts as introduced in [BG80, Cla93]. Then we would need also for modularspeci�cations general colimit computations.
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4 Colimits in the Category of Graph StructuresIn this chapter we extend the results for SET to SET P , the category of sets with partialfunctions, and from comma categories over SET to partial and total graph structures.There is a broad literature on categories with partial maps, for instance [RR88, Jay90,SP82], which helps to understand the topic at a higher level of abstraction. Our de�nitionsare inuenced by them, especially by [Jay90], but for SET P and partial graph structuresthis high level of abstraction is not necessary. Keep in mind that most of our proofsdescribe concrete algorithms. For this reason and for the sake of brevity we choose moreconcrete de�nitions.We will present a brief overview over several applications of the colimit computationsfor graph structures, namely� tool design for entity relationship scheme transformations,� re-implementation of the AGG-system, a tool for the manipulation of graphs sup-porting di�erent layers of abstraction with a modern mouse driven user interface,� tool development for algebraic high level nets, which can be viewed as petri netsaugmented with a powerful data type speci�cation formalism.� simulation of an abstract machine for the execution of functional logic languages atdi�erent levels of abstraction.4.1 The Category of Sets with Partial MorphismsWe will carry over theorem 3.1.5 about cocompleteness of SET to SET P via the equiva-lence between SET ? and SET P .Note, that partial SET P{morphism f :A! B can be interpreted as a total morphismfrom its scope Af � A to B, the domain restriction of f to Af , denoted by fjAf :Af ! B.Lemma 4.1.1For all morphisms f :A! B in SET P holds:1. f is mono , f is total and injective2. f is epi , f is onto3. f is embedding with corresponding projection f� :B ! A ,f is total and injective, f� is onto and injectiveFor all morphisms f :A! B in SET ? holds:1. f is total , x 6= ? implies f(x) 6= ?2. f is embedding with corresponding projection f� :B ! A ,f is total and injective, f� is onto, f�j(B�?) is injective and x 6= f(f�(x)) impliesx = ? 43



Proof: trivial. 2Remark 4.1.2 Note that we only use inclusions (and corresponding strong projections)in span representations of partial SET P{morphisms.First we will investigate pointed sets. They represent our \implementation" of partiality.We use the equivalence between SET ? and SET P to verify the cocompleteness of SET P .We could have done it directly, but in our implementation, partial morphisms are realizedby a ?{element exactly as in SET ?. We aim at a close correspondence between thetheory and our implementation. In addition this representation clari�es the relationbetween factorisation and deletion, which was often misunderstood in the past, leadingto an unnecessary complex description of colimit rsp. pushout constructions in GSSIG[L�ow93a, Kor96]. Later we will hide that \implementation", for the description of GSSIG{colimits we will use again SET P .The coproduct in SET ? di�ers slightly from SET , since every SET ?{homomorphismpreserves the constant ?. Thus we have only one copy of ? in the coproduct.Lemma 4.1.3 (Coproducts in SET ?)Let �? be a discrete SET ?{diagram, P? = Un2N (�?n �?) ] ?, and p?n :�?n ! P? arethe corresponding injections. Then p?n :�?n ! P? is coproduct of �?.Proof: Obviously p?n :�?n ! P? is cocone of �?, since �? is discrete.�?n //p?n &&dn MMMMMMMMMMMMM P?�� hDSuppose there is another cocone dn :�?n ! D in �?. Then morphism h :P? ! D is givenby: If x = p?n (y) for some node n and element y 2 �?n then h(y) = dn(x). The de�nitionis complete, since all p?n are jointly onto. It is sound since all pn are injective and theirimage overlaps only in ?, hence for all nodes n and m and x 6= ? or y 6= ? we havep?n (x) = p?m(y)) x = y) dn(x) = dm(y)Obviously h � pn = dn and h is unique since all p?n are jointly epi. 2Since the factorisation is identical in SET and SET ? we derive from lemma 4.1.3:Lemma 4.1.4 (Cocompleteness of SET ?)Let �? be a SET ?{diagram, P? = Un2N (�?n �?) ] ? and p?n :�?n ! P? are thecorresponding injections. Let C? = P?=���? and c? :P? ! C? be the correspondingquotient function, that is, �c? = ���? . Then c? � p?n :�?n ! C? is colimit of �?.44



Proof: Lemma 3.1.3 and lemma 3.1.4 hold also in SET ? (the proofs are identical).Together with lemma 4.1.3 we can lift the proof of theorem 3.1.5 from SET to SET ?. 2Now we come to the fundamental theorem on colimits in SET P, showing how they haveto be computed.Theorem 4.1.5 (Cocompleteness of SET P) Let� be SET P{Diagram and�? thediagram obtained from � by applying the completion functor T? to all its objects andmorphisms. Let P? and c? be de�ned as in lemma 4.1.4. Let P = Un2N �n and pn :�n !P are the corresponding injections, C = P?=���? �? and c = R?(c?). Then1. pn :�n ! P is coproduct of � in SET P.2. c � pn :�n ! C is colimit of � in SET P .Proof: Follows immediately from the equivalence between SET ? and SET P andthe de�nition of the completion functor T? :SET P ! SET ? and the restriction func-tor R? :SET ? ! SET P in the proof of theorem 2.4.7. We have P = R?(P?) andC = R?(C?). Hence we can apply lemma 4.1.3 and lemma 4.1.4. Since SET P and SET ?are equivalent we derive both 1. and 2. 2Remark 4.1.6 (Relation of Factorisation and Deletion)Thus we have a colimit in SET P given by C = P?=���? � ?. This clari�es, how deletionand factorisation are related to each other. The question is, how we should interpret thisresult. In C? element ? represents the equivalence class of deleted elements. The wholedeletion process is performed by the restriction functor R?, since C = R?(C?), thussimply by removing ? from C?. Obviously this is both simpler and more e�cient thanto perform the deletion partly in advance (as proposed by [L�ow93a] and [Kor96]), sincethe factorisation has linear complexity and we avoid the danger of a mutual dependencybetween factorisation and deletion.We derive the following algorithm computing the colimit of a SET P{diagram.1. Represent partiality by a ?{element.2. Compute the disjoint union of all sets in the diagram.3. Factorise according to the morphisms in the diagram.4. Remove the equivalence class corresponding to ? representing deleted elements inthe colimit.That means, colimit computation in SET P has the same complexity as in SET .45



Corollary 4.1.7 (Complexity of SET P{Colimit Computation)Let � be SET P{Diagram and �? the diagram obtained from � by applying the com-pletion functor T? to all its objects and morphisms. Suppose application of a morphismto an element takes constant time. Then there is an algorithm for the computation ofthe colimit of �, which has worst case running time O(n +m � �(m;n)) where m is thesum of the number of elements in all nodes of �?, n = j ��? j is the size of the relationinduced by the morphisms and � denotes the inverse of the Ackermann's function.Proof: Follows immediately from theorem 3.1.6, theorem 4.1.5 and our remark on thecomputation of colimits in SET P. 2Remark 4.1.8Note that in an extreme situation where all morphisms are (almost) everywhere unde�ned,the size of a completed morphism is still proportional to the size of its domain (and not tothe size of its scope). If in addition the number of morphisms in the diagram is very highcompared to the number of nodes, it may be more e�cient to apply a di�erent strategyand to perform the deletion partly in advance. But this algorithm is much harder toprove and to implement. A performance improvement can only be achieved, if we chooseanother representation of morphisms (by associative containers), where unde�nedness isno longer represented explicitly by a ?{element.Since the situation described above occurs very rarely (if at all) in our applications, wewill always defer the deletion after the factorisation is completed. But our implementationwill be designed in a way, that we could easily replace the representations of objects andmorphisms, if there is a demand by a special new application.
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4.2 The Category of Graph StructuresIn this section we will investigate colimits in the category GSPSIG of partial graph structures(with partial morphisms). First we will analyse graph structures with only one operation.Definition 4.2.1 (Simple Graph Structure)A graph signature is called simple, if it contains exactly one operation symbol op : s! ttogether with the (not necessarily di�erent) sort symbols s and t. Algebras to these signa-tures are called simple graph structures. The category of partial simple graph structureswith operation op : s! t is denoted by GSPop. We denote analogously to arrow categories 14simple graph structures G as (Gs opG�! Gt) and morphisms c :G! G0 as(cs; ct) : (Gs opG�! Gt)! (G0s opG0�! G0t)Remark 4.2.2To avoid confusion by using too many subscripts, and since we have at most two sortsymbols in a simple graph signature, we simplify the notation by denoting objects as(A f�! B) and morphisms as (a; b) : (A f�! B)! (A0 f 0�! B 0), where A;B are sets anda; b are SET P{morphisms. Accordingly we decompose diagrams � in GSPop into two sub-diagrams �A and �B sharing the same shape with �, which correspond to the domainrsp. codomain sets of the operation. Sinks in � are denoted as(an; bn) : (An fn�! Bn)! (A f�! B)Am
�� am����������������

� //fm Bm
�� bm����������������

�An ��an ????????????
33ae ffffffffffffffffffff //fn Bn ��bn @@@@@@@@@@@@

33be ffffffffffffffffffff
A //f BThe main idea is to realize the similarities and di�erences of GSPop with the arrow category(SET P ;SET P), that is, the category where the objects are SET P{morphisms and themorphisms are pairs of SET P{morphisms, such that for all objects (A f�! B); (A0 f 0�! B 0)and morphisms (a; b) : (A f�! B)! (A0 f 0�! B 0) the following diagram commutes.A //f��a B�� bA0 //f 0 B014Arrow categories are simple comma categories, where both functors are the identity.47



Then objects (A f�! B) correspond to simple partial graph structures with carrier setsA and B and operation f :A! B.Since arrow categories are special comma categories we could easily compute colimits inthis category as shown in section 3.2. But unfortunately, as already noticed in [Kor96],SET P{arrow morphisms as de�ned above don't correspond exactly to the de�nition ofGSPop{homomorphisms (compare de�nition 2.3.4).Imagine, one sort in our simple graph structure represents items, the other one at-tributes, and the operation a reference from items to attributes. Then every graph trans-formation rule 15 deleting an item would also delete all referenced attributes, caused bythe commutativity of the diagram above. This is obviously a severe restriction of theexpressiveness of transformation rules, since the attributes may be shared with otheritems.Replacement of the commutativity by weak commutativity, that is, f 0�a � b�f is alsonot satisfactory for our purposes. For our example this would allow the deletion of thereference to an undeleted attribute. Keep in mind that our main concern are total graphstructures, we use GSPSIG mainly as an intermediate step in the colimit computation forGSSIG. This was the reason for requiring the preservation of scopes by GSPSIG{morphisms16.Remark 4.2.3If we really want to allow the deletion of the reference to an undeleted attribute, we cansimply choose another graph structure signature with an extra sort for the references andan additional source and target operation representing source rsp. target of a reference.If we conversely would weaken the requirements on graph structure morphisms, we wouldloose the ability to express the (possibly recursive) deletion of dangling references by asingle transformation rule.Therefore we are forced by our applications, to implement graph structure homomor-phisms exactly as they are de�ned. To model exactly the de�nition of an GSPSIG{morphism,we have to require that f 0 � a is maximal with respect to �, so that f 0 � a � b � f . Butthis can easier be expressed by the commutativity of the diagramA //f B
�� bAa� ?OOma ��ajAaA0 //f 0 B0where morphism a is replaced by ma, the inclusion of the scope of a into A, and ajAa, thetotal domain restriction of a.15Graph transformation rules are represented by partial morphisms.16Otherwise there would be no colimit preserving left adjoint between GSPSIG and GSSIG.48



The question is now, how we can derive from our proof (and corresponding algorithm)for comma categories in 3.2 a proof for simple graph structures. The main di�erence is,that the commutativity requirement for morphisms is slightly weakened.From lemma 2.2.12 we learned, that if we decompose the morphisms in a diagram �Aby replacing all morphisms by their span representations, sinks over �A preserve theircocone rsp. colimit property:An ��an ???????????? //ae Am�� am~~~~~~~~~~~~~A An   an AAAAAAAAAAAAA 33m�e Aae9 Yss me //aejAaeHH1Aae Am~~ am|||||||||||||AAll morphisms ae corresponding to an edge e between nodes n and m in the diagramare replaced by the inclusion me from its scope Aae into its domain An, its total domainrestriction aejAae and the left inverse of me, the strong projection m�e. Then an :An ! Ais colimit in the left diagram i� it is colimit in the right one.What happens, if we remove all projections m�e from the diagram ?An   a0n AAAAAAAAAAAAA Aae? _oo me //aejAae Am~~ a0m|||||||||||||A0How is the new colimit a0n :An ! A0 related to A ? The next lemma will provide ananswer.Lemma 4.2.4Given a diagram � in SET P or SET ?, diagram �0 is obtained from � by removing anynumber of morphisms �e :An ! Am from �, such that �e is a strong projection and itsright inverse inclusion �e0 :Am! An is in �, that is, �e ��e0 = 1Am and �e0 ��e � 1An .An ((a0n))pn RRRRRRRRR

 �e P //p A0 44a A7 Wtt maAm 66a0m55pm lllllllllG' JJ�e0Let pn :An ! P be coproduct of � (and �0), let a0n :An ! A0 be colimit of �0 anda � a0n :An ! A be colimit of �, where p and a are given by the universal properties ofpn :An ! P and a0n :An ! A0. Then1. a is a projection, that is, has a right inverse embedding ma with a �ma = 1A andma � a � 1A0 . 49



2. If in addition both colimits are constructed as described in theorem 4.1.5 rsp.lemma 4.1.4, then ma is an inclusion, that is, A � A0.Proof:1. Follows immediately from 2., because colimits are unique up to isomorphism.2. Let's choose SET ? �rst. Proof by induction over the number of deleted morphisms.If no morphisms were deleted we have A0 = A and a = ma = 1A = 1A0 .For the induction step we have to prove the case of one deleted morphism �e.From lemma 4.1.4 follows A = P=��� and A0 = P=���0 . Since �e0 :Am ! An is aninclusion we have Am � An. From the de�nition of �e and lemma 4.1.1 follows forall v;w 2 P , that v �e w and v 6= w ) w = ? (1)w 6�e0 v ) v 6= w (2)resulting in v �e w and w 6�e0 v ) w = ? (3)Suppose there are two elements x; y 2 P with x ��� y but x 6���0 y. Then theremust exist two elements v;w 2 P withx ��� v �e w ��� y and w 6�e0 v (4)Together with (3) we have w = ?, hence x ��� ? and y ��� ?. That means forthe equivalence classes in A and A0 :x 6��� ? , [x]��� 6= ? ) [x]���0 = [x]��� (5)that is, A � A0.For SET P we use the fact that both the completion functor T? :SET P ! SET ?and the restriction functor R? :SET ? ! SET P preserve strong projections andinclusions. In theorem 4.1.5 colimits in SET P are de�ned over colimits in SET ? byapplication of R?. So A � A0 holds also in SET P. 2Now we show, how colimits in GSPop can be computed:Theorem 4.2.5 (Cocompleteness of GSPop)The category GSPop has all �nite colimits.Proof: Given a GSPop diagram �, decomposed into two SET P{diagrams �A and �B(one for each carrier set) with colimits an :An ! A and bn :Bn ! B, given by theo-rem 4.1.5.To express the homomorphism conditions in GSPop, we decompose the morphisms ae in�A corresponding to an edge e between nodes n and m into its span representation,50



Am
�� am

 //fm Bm
�� bm��������������

��������AaeD d{{ me 66aejAae lllllllllAn   an BBBBBBBBBBBBB
::m�e //fn Bn ��bn @@@@@@@@@@@@

66be mmmmmmmmmmmmmmmmmmmmm
A //f Bthat is, ae = aejAae � m�e and the inclusion me is right inverse to m�e. Diagram �A� isobtained from �A by removing the left inverses m�e of the inclusions me for all edgesn e�! m in �. Am

�� a0m
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::m�e //fn Bn ��bn ?????????????
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A0 //f 0��a BA 44f iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii� 7TT maLet a0n :An ! A0 be colimit in �A� and an = a � a0n. From lemma 4.2.4 we derive, that ahas a right inverse inclusion ma, that is, a �ma = 1A.Since (ae; be) : (An fn�! Bn) ! (Am fm�! Bm) represents a GSPop{homomorphism, we havefor all edges n e�! m in � : fm � aejAae = be � fn �me (1)and since bn :Bn ! B is cocone in �B :bm � be = bn (2)which together results in bm � fm � aejAae = bn � fn �me (3)i.e, bn �fn :An! B is cocone in �A� . Then, from the universal property of the �A� {colimita0n :An ! A0 we have an unique morphism (A0 f 0�! B) withf 0 � a0n = bn � fn (4)51



By f � a = f 0 we uniquely determine the morphism (A f�! B), sincef � a = f 0 ) f � a �ma = f � 1A = f = f 0 �ma (5)Together with (4) we get f � a � a0n = f � an = bn � fn (6)which means, that (an; bn) : (An fn�! Bn)! (A f�! B) is cocone in �.Suppose there is another cocone (cn; dn) : (An fn�! Bn)! (C fC�! D) in �.Am

��
cm�� a0m
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A0 //f 0��a ��c0<:986543210/.
B

�� dA 44f iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii� 7TT ma %%c KKKKKKKKKKKK C //fC DFrom the universal properties of the �A� {colimit a0n :An ! A0, the �A{colimit an :An ! Aand the �B{colimit bn :Bn ! B we derive unique morphisms c0; c and d with c0 � a0n = cn;c � an = cn and d � bn = dn.Since dn :Bn ! D is cocone in �B : dm � be = dn (7)Together with (1), we get dm � fm � aejAae = dn � fn �me (8)i.e, dn � fn :An ! D is cocone in �A� . Thus there is an unique morphismh :A0! D and we have h = d � f 0 = fC � c � a (9)52



together with (5) we derived � f = d � f 0 �ma = fC � c � a �ma = fC � c � 1A = fC � c (10)which means, that the unique �{morphism (c; d) : (A f�! B) ! (C fC�! D) is indeed aGSPop{homomorphism. 2Remark 4.2.61. In the literature on graph structures [L�ow93a, Kor96] we often �nd the character-isation of hierarchical graph structures, where for all compositions of operationsGop1 � � � � �Gopn :Gs ! Gt holds s 6= t.Specially the simple graph structure (A f�! A) is not hierarchical. The mainmotivation for this characterisation is, that cocompleteness proofs are easier forhierarchical graph structures. In GSSIG the totality requirement on the operationscauses additional deletions, which were easier to handle for hierarchical graph struc-tures. This problem doesn't occur with partial graph structures. From the proofof theorem 4.2.5 we learned, that colimit computation in GSPop is modular. TheSET P{components of the colimit do not depend on the operation. For this reasonwe separated the totalisation phase in the colimit computation for GSSIG. We willsee later, that non hierarchical �nite graph structures can also easily be totali-zed.2. In the proof above we only use the property of ma and a, that they are an embed-ding/projection pair, that is, that a �ma = 1A and ma�a � 1A0 , and not, that ma isan inclusion. This is not surprising, since our arguments are about morphisms, andnot at the level of SET P{elements. The reason, we have restricted us to inclusions,is that it exactly represents the situation in our implementation, it supports ourintuition and it doesn't cause any theoretical overhead.3. Since ma is an inclusion, f 0 = fA0 is the domain restriction of f to A0. Note that thean are total (since all me and aejAae are total), but normally not f 0, that is Af � A0.4. To prove the homomorphism property of the universal morphism(c; d) : (A f�! B)! (C fC�! D) and of (an; bn) : (An fn�! Bn)! (A f�! B) we haveshown that d � f = fC � c and f � a = bn � fn. It was not necessary to decompose crsp. an into their span representations, since these squares directly commute. Thatmeans for our implementation, that colimit computation in GSPop is very similar tocolimit computation in the arrow category (SET P ;SET P).Theorem 4.2.7 (Complexity of GSPop{Colimit Computation)Suppose application of a morphism to an element and adding a single relation to anoperation takes constant time. Then there is an algorithm computing the colimit of aGSPop{diagram �, which has worst case running time O(n+m � �(m;n)), where m is thesum of the number of elements in all nodes of �, and n is the sum of the sizes of therelations induced by the morphisms in �. 53



Proof: Follows immediately from theorem 3.1.6 and from the construction of the col-imit in the proof of theorem 4.2.5. 2Theorem 4.2.8 (Cocompleteness of GSPSIG)The category GSPSIG has all �nite colimits.Proof: Let � be a diagram in GSPSIG with SIG = (S;OP). We decompose � intoa set of sub-diagrams �s in SET P, one for each sort s 2 S, and a set of sub-diagrams�op in GSPop, one for each operation op 2 OP . Objects in �op at node n are denotedas (�sn op�n�! �tn) where op 2 OP s;t. Let csn :�sn ! Cs for all s 2 S be colimit in �sand (csn; ctn) : (�sn op�n�! �tn) ! (Cs opC�! Ct) for all op 2 OP s;t be colimit in �op given bytheorem 4.1.5 and theorem 4.2.5.Then cn :�n ! C is colimit of �. Note that in �op the SET P{components of thecolimit are SET P{colimits, 17 thus the de�nition of the colimit of � is consistent.cn :�n ! C is cocone of �, since each component csn :�sn ! Cs is colimit and the cnare GSPSIG{homomorphisms by application of theorem 4.2.5 for each operation op 2 OP .Suppose there is another cocone D of �. Then we construct the universal mor-phism h :C ! D component-wise for each sort using the construction in the proof oftheorem 4.1.5. Its uniqueness follows from the uniqueness of the hs for all s 2 S. Appli-cation of theorem 4.2.5 for each operation op 2 OP ensures, that h is indeed a GSPSIG{homomorphism. 2Theorem 4.2.9 (Complexity of GSPSIG{Colimit Computation)Suppose application of a morphism to an element and adding a single relation to anoperation takes constant time. Then there is an algorithm computing the colimit of aGSPSIG{diagram �, which has worst case running time O(n+m ��(m;n)), where m is thesum of the number of elements in all nodes of the diagrams �s with s 2 S, and m is thesum of the sizes of the relations induced by the morphisms in �.Proof: Follows immediately from theorem 4.2.7 and from the construction of the col-imit in the proof of theorem 4.2.8. 2Corollary 4.2.10 (Cocompleteness of GSSIG)The category GSSIG has all �nite colimits.Proof: Follows immediately from theorem 4.2.8 and theorem 2.4.13. 2Theorem 2.4.13 doesn't tell us, how we can compute the largest total subalgebra GT = T (G)of a partial graph structure G.Remark 4.2.11 (Complexity of GSSIG{Colimit Computation)Complexity of colimit computation in GSSIG depends on theorem 4.2.9 and on the com-plexity of the computation the largest total subalgebra of the computed GSPSIG{colimit.17This fact doesn't hold for total graph structures.54



The following naive algorithm computes GT :GT := Grepeatbool total := truefor all s 2 S for all x 2 Gsfor all t 2 S for all op 2 OP s;tif (opG(x) unde�ned or opG(x) 62 GTt ) thenGTs := GTs � xtotal := falseuntil total = trueIn this pseudo-code the scopes of the repeat until, for all and if then statements aredetermined by indentation, which is su�cient for our small examples.Since we don't have a hierarchy constraint on graph structures as de�ned in [L�ow93a,Kor96], there may be recursive dependencies. The deletion of an element may cause anoperation to become unde�ned for another element, which then also has to be deleted.The computation must continue, until there is no new element deleted during an iteration.Obviously this algorithm is extremely time consuming.Remark 4.2.12 (Hierarchical Graph Structures)Note that we don't have a hierarchy constraint, that is, allow compositions of operationsGop1 � � � � � Gopn :Gs ! Gt with s = t. From the theoretical point of view everything is�ne, but for the implementation a signi�cant optimisation of the naive algorithm describedabove is desperately needed.In the following de�nition we characterise GT in a way, which enables an e�cient imple-mentation.Definition 4.2.13 (The Relation OPG�!� and the S{sorted set DG)Given a partial graph structure G in GSPSIG with SIG = (S;OP). ThenUG = f(x; s) j x 2 Gs for some s 2 Sgdenotes the disjoint union of all elements in (Gs)s2S. The relation OPG�! on UG is de�ned as(x; s) OPG�! (opG(x); t) , x 2 Gs and op 2 OP s;tLet OPG�!� denote the transitive reexive closure of OPG�!. The S{sorted set DG = (DGs )s2Sis de�ned asDGs = fx 2 Gs j 9y 2 Gs0 ;9op 2 OP s0;twith (x; s) OPG�!�(y; s0) and opG(y) unde�nedg55



Lemma 4.2.14 (Largest Total Subalgebra)The subalgebra GT � G is de�ned as GTs = Gs � DGs . Then GT is the largest totalsubalgebra of G.Proof:1. First we show, that GT is total. Suppose GT = G � DG is not total, then theremust exist a x 2 GTs and an op 2 OP s;t with opGT (x) unde�ned.� Then, if also opG(x) is unde�ned, we derive x 2 DGs ) x 62 GTs .� Otherwise we have opG(x) 62 GTt , then follows from the de�nition of DG, thatopG(x) 2 DGt ) x 2 DGs ) x 62 GTs .Both cases contradict our assumption x 2 GTs , thus GT must be total.2. Suppose there is a subalgebra G0 � G with G0 \DG 6= ;. Then we have an x 2 G0swith x 2 DGs . From the de�nition of DG follows, that then there must exist ay 2 G0s0 with (x; s) OPG�!�(y; s0) and an op 2 OP s0;t with opG0 (y) unde�ned, since thescopes of the operations in G0 are subsets of the scopes of the operations in G. Thatmeans that G0 is not total, that is, that GT is the largest total subalgebra of G. 2Remark 4.2.15 That means, that following theorem 2.4.13 we can compute the colimitof a GSSIG{diagram with nodes Gn by computing the colimit gn :Gn ! G in GSPSIG andthen deleting all elements in DG from G, since the nodes Gn are objects also in GSPSIG.The main idea, to make an algorithm computing GT e�cient, is to separate the compu-tation of the relation OPG�! from the computation of DG.We represent OPG�! by a function dOP :UG ! P(UG) where P(G) denotes the powersetof UG. We de�ne dOP by dOP(x; s) = f(y; t) 2 UG j (y; t) OPG�! (x; s)g. An algorithmcomputing dOP is given byfor all s 2 S for all x 2 GsdOP(x; s) := ;for all s 2 S for all x 2 Gsfor all t 2 S for all op 2 OP s;tdOP(opG(x); t) := dOP(opG(x); t) [ (x; s)We represent GT by a function tG :UG ! bool wheretG(x; s) = ( true if x 62 DGsfalse if x 2 DGswhich is computed by the following algorithm:56



for all s 2 S for all x 2 GstG(x; s) := truefor all s 2 S for all x 2 Gsfor all t 2 S for all op 2 OP s;tif (opG(x) unde�ned) thendelete(x; s)where the recursive procedure delete, which realizes the transitive reexive closure OPG�!�of OPG�!, is de�ned asdelete(x; s) :if (tG(x; s) = true) thentG(x; s) := falsefor all (y; t) 2 dOP(x; s)delete(y; t)Finally we obtain GT = G�DG fromGT := Gfor all s 2 S for all x 2 Gsif (tG(x; s) = false) thenGTs := GTs � xCorrectness of this algorithm follows immediately from lemma 4.2.14 and from the de�-nitions of dOP and dG. Its performance depends on the chosen representation for dOP andfor sets and operations in general. We will show later, that our implementation has inpractice linear complexity related to the number of elements in G. The main reasons ofthe performance gain compared with the naive algorithm are:1. The function dOP :UG ! P(UG) allows fast access to elements which depend ondeleted ones.2. In the procedure deletewe avoid unnecessary recursion by testing in advance, whetheran element was already visited by another call of delete. In our implementation wehave further optimised delete by avoiding recursive calls also in situations, where weknow, there will be a delete{call for the same element later. For this optimisationan order relation on Gs is needed, corresponding to the sequence, the iteration isperformed by the notion for all x 2 Gs.
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4.3 Alpha AlgebrasGraph transformation systems provide an intuitive description for the manipulation ofgraphical structures as they occur in di�erent areas of computer science like distributedsystems, programming language semantics and information systems. The algebraic ap-proach has been successfully applied not only to formalise the transformations, but alsotheir structuring both in horizontal and vertical direction [CMR+96, EHK+96]. Verticalstructuring describes the relations between di�erent levels of abstraction or between aspeci�cation and its implementation. Horizontal structuring concepts formalise the rela-tions of di�erent parts of a large system. Other approaches to graph transformations arebased on set theory [Roz87, Nag87]. They are used for instance in the PROGRES sys-tem [Sch91b]. These approaches will not further be investigated here because the colimitlibrary cannot be applied to them. See for example [Tae96a] for a comparison with thealgebraic approaches.In typed graph transformation systems [CEL+96, CL95] the usual labelling of nodesand edges is replaced by typing morphisms. The typing signi�cantly extends the ex-pressive power of the transformation formalism allowing them to model various kinds ofspeci�cation techniques like entity- relationship schemes or petri nets. This makes it pos-sible to carry over compositionality results related to horizontal and vertical re�nementsteps to the di�erent kinds of speci�cations they can model.Information systemsmay be described by semantic data models [HK87], object-orientedmodels [Boo94b, RBP+91b, JCJ�O93] or Petri nets [Rei85]. All these techniques supportgraphical visualisation where di�erent levels of abstraction (for example models, schemesand instances) help to structure the modelled systems. There are di�erent approaches for-malising these models (see e. g. [GH91]), where the algebraic approach [CLWW94, CL95]has the advantage, that it integrates both the static and dynamic aspects. Here we wantto demonstrate, that it not only provides a general frame for the formalisation of graphicalmodelling techniques supporting scheme evolution simultaneously on di�erent abstractionlevels, but also can guide the design of restructuring and modelling tools.The Alpha library [EC96] was designed for that purpose separating functionality al-ready existing in graph manipulation systems like PROGRES [Sch94], GraphED [Him88],and AGG [LB93].Advanced software engineering techniques, for instance design patterns [GHJV95],together with object oriented modelling techniques were used to make the Alpha libraryas exible and extendible as possible. Alpha algebras are general enough to supportdi�erent graphical modelling techniques. They will be used as basis of the implementationof a general scheme transformation tool, in a new version of the AGG-system and in atool for high level replacement systems.In its �rst version the applicability of the Alpha library was restricted. Severalfeatures like the support of non-injective graph transformation rules 18 or general colimitswere not implemented. These problems were �xed owing to the integration of the colimitlibrary into the Alpha library.In this section we want to present the theoretical concept of an Alpha algebra and18Non-injective rules realize the concept of identi�cation of di�erent nodes or edges58



its relation to general graph structures. In chapter 4 also the implementation of colimitsfor Alpha algebra diagrams will be discussed.4.3.1 Attributed Graph SignaturesThe concept of Alpha algebras is based on attributed graph signatures in the sense of[LKW93]. An attributed graph signature consists of three parts� a graph signature SIG ITEM representing the graph part,� an unrestricted algebraic signature SIGDATA representing the data part,� a SIG ITEM � SIGDATA indexed family of attribute operations OPATTR, unary oper-ations from graph sorts into data sorts representing the attribute part.Algebras to attributed graph signatures are called AGS-algebras . Their operations aretotal for the graph and attribute part and partial for the data part. Their homomorphisms,called AGS-homomorphisms , are partial for the graph part and total for the data partand must be compatible with the attribute operations.Intuitively spoken, the category of AGS-algebras is cocomplete because the colimit forthe graph part and the data part may be constructed separately 19, the AGS-homomorphismsare compatible with the attribute operations and the attribute operations map graph sortson data sorts, that is, all terms built from attribute operations are �nite.An interesting observation from [LKW93] is, that we gain a lot of expressive powerconsidering total AGS-homomorphisms instead of AGS-algebras as objects of the categoryused for modelling scheme transformations. The resulting category of typed AGS-algebras(also called object structures) is constructed similar to a comma category. The typepart is considered to be �xed during the transformations and due to the partiality of themorphisms for the graph part the corresponding compatibility requirement is somewhatweakened.Total AGS-homomorphisms represent typed objects where the source corresponds tothe untyped object, the target to the type and the morphism itself to the typing. Considerfor example a little data base storing citizens, cities and fax numbers which contains thecitizens fGary;Anatolyg, the cities fBaku;Moskowg, a citizen of relation between thesesets and some fax numbers as attributes. This data base may be represented as typedAGS-algebra as follows:19Their corresponding categories, namely graph structures with partial morphisms and algebras withtotal morphisms, are cocomplete
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The type AGS-algebra contains fcity; citizen; citizen ofg in the graph part, fintegergin the data and ffaxg in the attribute part, where the object AGS-algebra consists ofconcrete values according to these types. Note that this way many sorted algebras maybe \internalised" by the typing morphism.Transformation rules for typed AGS-algebras modify the represented model simultane-ously at di�erent levels of abstraction such that compatibility with the typing is preserved.We don't want to repeat here their formal de�nition. Important for us is, that they relyon colimit computations. Pushouts are su�cient for simple rules, but if parallel transfor-mations or a shared context have to be treated, we need arbitrary colimits. Similar to theconstruction in comma categories, we can compute the colimit separately for the objectsand their types and then construct the unique extension induced by the object colimit tothe type colimit which represents the typing of the colimit for the object structures.4.3.2 The Category of Alpha AlgebrasWe made the observation, that for most practical applications of this theory the datapart of an attributed graph signature represents the abstract interface to a library withprede�ned datatypes. Therefore it is su�cient to consider the data part as �xed. Thatmeans, that AGS-homomorphisms leave the data part unchanged. This assumption sim-pli�es both the theoretical concepts and the tool development. Now the data part of themorphisms and the data operations are no longer relevant for the transformations and forthe colimit computations. Regarding tool design questions we can simply omit them.Next we can ask, whether we really need more than one sort in the graph part, since the(hierarchical) typing concept subsumes their purpose. Last but not least we could simplify60



the naming of the operations in the graph and attribute part. All these considerationstogether lead directly to the de�nition of an Alpha algebra as a graph structure to thesignature SIG = (S;OP ) with S = fITEM ;DATAg andOP � [i2IN ri : ITEM ! ITEM [ [i2INvi : ITEM ! DATAWe call the operations ri : ITEM ! ITEM references and the vi : ITEM ! DATA at-tribute assignments. References are required to be total (to avoid dangling edges), at-tribute assignments may be partial. The carrier set for ITEM together with the referencesri represents the graph part, the carrier set for DATA the data part and the attribute as-signments vi the attribute part of the Alpha algebra. Alpha algebra morphisms (shortAlpha morphisms) are partial graph structure morphisms with the restriction, that thedata part is �xed, that is, the carrier sets for sort DATA are mapped identically on theirtarget (see also [EC96]).Note, that in opposition to AGS-algebrasAlpha attribute assignments may be partial.Since we have only one sort in the graph part, there is no possibility to separate the itemsequipped with attributes. Since Alpha algebras are special graph structures we canapply our theory for the computation of colimits on them. In the theoretical part ofthis thesis we considered only graph structures where all operations were either total orpartial. But it is obvious, how graph structure categories with \mixed" operations haveto be treated: The totalisation has to be applied only to the operations which are requiredto be total. Applied to Alpha algebras, that means, that the references are totalised, butnot the attribute assignments. We can even imagine applications were the totalisationof the references is not appropriate. Therefore the colimit library provides also a colimitalgorithm for Alpha algebras without totalisation. The indexed notation for referencesand attribute assignments suggests their realization via some array data type as indeedit is done in the colimit library.Again the morphisms representing typed Alpha algebras are the objects we are inter-ested in. Note that even simple graphs cannot be modelled without typing since we haveonly a single sort ITEM in the graph part. The following picture shows a typed Alphaalgebra representing a small graph with labelled nodes.
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ItemThe references r0 and r1 represent the source and target functions, v0 the node labelling.The attentive reader may have noticed, that the references r0 and r1 are required tobe total, but seem to be shown as partial operations in the picture above. As defaultreferences map items identically on them self, the corresponding \loops" were omitted inthe picture to enhance its readability. So references are indeed total to enable the removalof dangling edges during transformation steps.4.4 Example ApplicationsThe colimit library currently doesn't provide direct support of general graph structures,since typed Alpha algebras are easier to implement and general enough to enable theapplications we are interested in. In this section we present a brief overview about theongoing developments based on the colimit library.4.4.1 Entity-Relationship Scheme TransformationsIn [CL95] the modelling of scheme evolution generalised using algebraic graph transforma-tion techniques is described for typed AGS-algebras, [CEL+96] presents a slightly di�erentformalisation using the double pushout approach. In a software project at the TechnicalUniversity of Berlin students applied this formalism to a small data base application. Ina �rst step ER-diagrams were transformed into equivalent typed AGS-algebras which canfurther be transformed into typed Alpha algebras. It is planned to build graphical toolsbased on the Alpha library (which includes the colimit library) supporting data basescheme transformations on di�erent levels of abstraction.62



4.4.2 The AGG-SystemThe AGG-system provides comprehensive functionality for the generation and manipu-lation of graphs with a modern mouse driven interface. It supports hierarchical graphs,that means, graphs describing the same thing at di�erent levels of abstraction, and higherorder edges (edges between edges). These graphs are called AGG-graphs. In this modelgraphs, transformations and occurrences can be described in a uniform way.In AGG-graphs we have, in addition to the source and target functions de�ned onedges, an abstraction and a labelling function de�ned both for nodes and edges. Levelsof abstraction are represented by a set of layers. Since there are edges between edges,the distinction between nodes and edges is weakened. The set consisting both of nodesand edges is called set of objects. A mapping assigns a speci�c layer to each object.Abstractions are de�ned both for objects and layers. There are several compatibilityrequirements for the de�nition of these functions. The set of objects contains a speci�c?-element which allows the source and target functions to be total on the set of objects.Up to now there exists no implementation of general colimits in the AGG-system.This problem is currently �xed by the integration of the colimit library. Again we can usethe colimit computation for Alpha algebras. For this purpose we have to �nd an Alpharepresentation of AGG-graphs. Here we will outline the idea.
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DataThe picture above presents a possible Alpha type algebra for AGG-graphs. r0; r1 and r2correspond to the abstraction, source and target functions, r4 represents the assignmentof layers to objects and v0 is the labelling function. Note that although not shown in thepicture, since all references are total, r1; r2 and r3 are de�ned also for layer. This showsthat the expressive power of the typing mechanismofAlpha algebras is limited, if we haveto deal with self-referencing graph operations. At the type level we cannot distinguishbetween de�ned and unde�ned references. At the level of the typed Alpha algebrarepresenting the modelled AGG-graph this is no problem, since here self-referencing graphoperations are not allowed, for instance, an edge must not be its own abstraction.With this typing AGG-graphs can be represented as typed Alpha algebras and thecolimit library can compute their colimit. The resulting typed Alpha algebra then hasto be converted back into an AGG-graph. It has to be proven that the result of the63



conversion ful�ls all compatibility requirements and is indeed colimit in the category ofAGG-graphs. Up to now there exists no formal cocompleteness proof for AGG-graphs.4.4.3 Algebraic High Level NetsAlgebraic high level nets combine speci�cation techniques from petri nets, algebraic spec-i�cations and high level replacement systems. They are special high level petri nets, likecoloured petri nets [Jen92, Jen95] and predicate/transition nets [GL81, Gen91], used forthe speci�cation of distributed and concurrent systems. In algebraic high level nets everytoken may contain a structured set of data, describing for instance the complete state ofa process or data base. An algebraic high level net consists of two main components,� the static part describing the needed data types via an algebraic speci�cation,� the dynamic part describing the possible transitions.The net structure of an algebraic high level net consists of places, representing thepossible states of a system and the corresponding (state) transitions connected to theplaces via directed edges. This is consistent with the structure of classical petri nets. Buthere the edges are labelled with terms specifying the data structures which are movedaround the net, and the transitions are equipped with a set of axioms specifying thecondition under which they are activated.As for algebraic graph transformations there exist horizontal and vertical structuringmechanisms together with the corresponding compatibility results. These mechanismsand high level net transformations rely on colimit computations. The cocompleteness ofthe category of algebraic high level nets is proved by a combination of the cocompletenessresults for the dynamic and the static part of the net. Again the structure of the cocom-pleteness proof may guide the implementation of net transformations which are performedby colimit computations. In a �rst approach we chose to implement the transformationsof the dynamic part (the places and transitions) which can easily be represented as anAlpha algebra. Later the tool may be extended to cover also transformations of thestatic part. This is complicated by the fact, that here we have to deal with morphismsbetween algebras to di�erent speci�cations.The theory of algebraic high level nets is formulated using the \double pushout ap-proach" for algebraic transformation rules [CMR+96]. That means, that we have twochoices,� either to convert the span representations of the transformation rules into equivalentpartial morphisms supported by the colimit library,� or to provide an implementation of the pushout complement and the check of the ap-plication conditions and use the colimit library only to compute the second pushout.The �rst choice has the advantage, that the colimit library itself can check the \dangling"and \identi�cation" conditions, which test whether a rule application may lead to danglingreferences on deleted places or to ambiguous deletions.64



Now we want to show, how algebraic high level nets may be represented as typedAlpha algebras.
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The picture above illustrates the type algebra. The transitions and places are in the graphpart, the axioms and terms in the data part. The directed edges for the pre and postranges of the transitions are represented by the elements pre and post. v0 points to theset of axioms assigned to a transition as application condition and to the terms labellingthe edges. r0 and r1 denote the source transition rsp. target place of the edges. Since theedges are ordered, we need a reference pointing to the next edge which is represented byr2. Not all alpha algebras of this type represent algebraic high level nets since we couldfor instance misuse reference r2. But we can prove, that if we have only Alpha algebrasrepresenting high level nets in a diagram, its colimit is again the representation of a highlevel net.With this approach only the dynamic part of the algebraic high level net colimit iscomputed since Alpha algebra morphisms leave the data part unchanged. The questionis now, how the colimit library should represent the computed colimit, such that lateran extension for the data part may be added. The colimit computation identi�es someplaces and transition by building equivalence classes. The computed colimit algebra (net)contains only one representative element for each equivalence class. For the attributeassignments one representative data element per class would not be su�cient. Thereforethe library provides the full set of attributes assigned to all members of an equivalenceclass. These may for instance later be used to compute compatibility requirements 20 forthe applicability of transformation rules.4.4.4 Simulation of NarrowingAnother application of the colimit algorithm is the simulation of an abstract machinefor the execution of functional logic programming languages. Based on previous workwith Montanari, Ehrig and L�owe [CMR+91], Corradini and Rossi proposed in [CR93]hyperedge replacement jungle rewriting as a formalismwell suited for the modelling of logic20For the terms assigned to the edges from transitions to places an uni�cation procedure may beapplied. 65



programming [Llo87]. Pushouts in the category of jungles correspond to term uni�cation.Hence de�nite clauses may be represented as graph transformation rules and it was provedthat jungle derivations based on the double pushout approach faithfully correspond tothe resolution calculus. In [CW94] Corradini and the author of this thesis extended thiswork by modelling the behaviour of an abstract machine for lazy narrowing [Wol91] byhyperedge replacement jungle rewriting at three di�erent levels of abstraction.Narrowing subsumes rewriting and uni�cation, and can be e�ciently implementedby combining compilation techniques from logic and functional programming [Pad88,War83, Joh87, Loc92]. Its purpose is to �nd solutions for sets of equations (goals), i.e.,substitutions that unify the left- and right-hand sides of all the equations in the set, orto detect that there is no solution. Narrowing can be seen as a combination of reductionand uni�cation: non-variable pre�xes of reduction redices are completed to full redices bysubstituting into variables. Its main di�erence to term rewriting is that narrowing makesfull use of uni�cation while term rewriting uses only pattern matching. But uni�cationbecomes pattern matching if the rewritten terms are ground, as it is usually the case interm rewriting.Jungles are special hypergraphs that are suited to represent (collections of) terms,making explicit the sharing of common sub-terms. They are essentially equivalent to di-rected acyclic graphs, as discussed in [CMR+91]. In this section we introduce the categoryof jungles (see also [HP91]) and the basic de�nitions of jungle rewriting, which is a spe-ci�c graph rewriting formalism de�ned along the lines of the \double-pushout" approach([EPS73, CMR+96]).Now we present the formal de�nitions for hypergraphs and jungles:Definition 4.4.1 (hypergraphs)A hypergraph H over SIG is a tuple H = (V;E; src; trg;m; l), where V is a set ofnodes, E is a set of hyperedges, src and trg : E ! V � are the source and target functions,l : V ! S maps each node to a sort of SIG, and m : E ! OP maps each edge to anoperator of SIG. For a hypergraph H, indegreeH(v) (resp. outdegreeH(v)) denotes thenumber of occurrences of a node v in the target strings (resp. source strings) of all edgesof H.Definition 4.4.2 (jungles)A jungle over SIG is an acyclic hypergraph J = (V;E; src; trg;m; l) over SIG suchthat 1) for each node v 2 V , outdegreeJ(v) � 1, and 2) the labelling of the edges isconsistent with both the number and the labelling of the connected nodes. The roots ofa jungle are de�ned as ROOTS(J) = fv 2 VJ j indegreeJ(v) = 0g.As an example consider the following signature SIG = (S = fA; B; boolg, OP =fOPB�A;A = fg; h; fg, OPA�A;bool = f=g, OP B�B;bool = f=gg ). In the following �guretwo hypergraphs over SIG are shown. Edges and nodes are depicted as box and circles,respectively, with the label drawn inside and sometimes (for the need of reference) witha unique name depicted outside. 66
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� JĴ ?1 2 3 v1v3 v4 v61 1 22v2

The right hypergraph is also a jungle while the left one is not. The categories ofhypergraphs and jungles are de�ned as follows:Definition 4.4.3 (categories HGraphSIG and JungleSIG)A morphism of hypergraphs (over SIG) f : H1 ! H2 consists of a pair of functionsf = (fV : V1 ! V2; fE : E1 ! E2) between edges and nodes respectively, which arecompatible with the source and target functions and which are label preserving.Morphisms of jungles are de�ned exactly in the same way. Because of the structureof jungles, a morphism is uniquely determined by its behaviour on roots. That is, iff; g : J ! J 0, f = g , fV (v) = gV (v) 8v 2 ROOTS(J) [HP91].The category whose objects are hypergraphs over SIG and whose arrows are hyper-graph morphisms will be denoted by HGraphSIG. The full sub-category of HGraphSIGincluding all jungles will be called JungleSIG.In [CR93] it has been shown that uni�cation of terms may be simulated by junglepushout computations. In [CW94] this property of the category of jungles in used tomodel the behaviour of an abstract machine for lazy narrowing [Wol91] on di�erent levelsof abstraction.Here we are mainly interested to show, that the colimit library may be used to computepushouts in the category of jungles. Then a simulation tool for testing the behaviour ofthe abstract machine may be supported by the colimit library.Because the theory in [CW94] is formulated using the double pushout approach, thespan representations of the hyperedge replacement rules de�ned there has to be convertedinto equivalent partial morphisms, if we want to apply the colimit library.A suitable Alpha type algebra is de�ned as:
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Here the reference r0 represents the (single) source, references r1; r2; : : : the target nodesand v0 assigns sorts to nodes and operations to edges. In practice only a �nite subalgebraof this type algebra is needed, since jungle edges have only a �nite number of targetnodes. Because the sorts and operations are left unchanged by jungle morphisms, they aremodelled exactly by the corresponding typed Alpha algebra morphisms. Unfortunatelythe characterisation of jungles with outdegreeJ(v) � 1 cannot be modelled by the Alphaalgebra representation. That means, that the computed typed Alpha algebra colimitrepresents the colimit in the category of hypergraphs, not in the category of jungles.The category of jungles is not cocomplete which expresses in our application that twoterms have no common uni�cator. The computed hypergraph colimit can be used to checkwhether the corresponding jungle colimit exists. For all nodes v with outdegreeJ(v) > 1the corresponding edges have to be compared. If they are not equal, the colimit jungledoes not exist. Otherwise the comparison proceeds recursively with the targets w of theseedges for which outdegreeJ(w) > 0. If in this way no di�erences were found, i.e., therepresented terms at position v are equal, the redundant edges have to be removed toconvert the hypergraph colimit into the corresponding jungle colimit.

68



5 Implementation of the Colimit LibraryThis section presents the ideas behind the implementation of the colimit library. Afterintroducing the main design criteria we reveal its structure and its interface. Then weexplain, how the library may be embedded in an example application. Di�erent object ori-ented programming languages are analysed and compared with respect to their suitabilityfor our purposes motivating our choice. We present a short introduction into the conceptsof component programming showing their relevance for our implementation. Then weshow, how the mathematical concepts are mapped to concrete data types by correlatingthe requirements of the colimit computation with speci�c properties of di�erent containerclasses. We explain the representations of sets, morphisms, attributed graphs, signatures,Alpha algebras and of the diagrams of these structures. Next some excerpts of the codeare presented. We restrict us to the most fundamental function de�nitions. For a morecomplete overview we refer to the HTML-documentation of the code, available via ftpfrom ftp.cs.tu-berlin.de. Implementation aspects speci�c to our chosen programming lan-guages are discussed. Finally we analyse benchmark results, compare di�erent compilers,languages, libraries and garbage collection methods.5.1 Design CriteriaThe main criteria which guided the design of the colimit library in addition to basicrequirements like correctness and expandability were:� The library should support di�erent applications in the context of scheme, graph orpetri net transformations and template mechanisms for parameterised programs orspeci�cations.� The interface to the client applications should meet its needs and should be welldocumented and easy to use.� Language independence. We don't want to force the user of the colimit library tochoose a speci�c programming language. Suitability of a programming languageis related to several application dependent requirements like e�ciency, portability,availability of programming environments, speci�c libraries and programming skills.The other design criteria restrict the variety, but still we have a rich choice: C++,Ei�el, Java, Ada 9x, Sather, Smalltalk and ObjectiveC, to name some of the possibleimplementation languages. For reasons we will discuss later, we concentrated oure�orts on the �rst three of them, but designed the library such that a port to anotherobject oriented language can easily be done. There is no essential language featuremissing in one of our chosen implementation languages.� Performance of the colimit computation. For our application performance is es-sential because we are faced with preconceptions against colimits as a theoreticallyfounded, but slow technique. We proved linear complexity and will support this69



result by practical benchmarks. We will see that colimit computations are com-petitive compared to alternative approaches for the implementation of structuringmechanisms and scheme transformations.5.2 Structure of the Colimit LibraryThe following class graph illustrates the structure of the colimit library.
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[NODE,EDGE]On top there is the class COLIM TEST, which is used to test the correctness and e�ciencyof the colimit computations. It uses the test classes for graph, Alpha, set and signaturediagrams below. These classes also provide example code using the interface of the colimitlibrary, which forms the next layer in the diagram above.These interface classes implement the colimit computations for graph, Alpha andsignature diagrams. They are based on a class for set diagrams. All these classes areparameterised over the type of set elements they use. Since the colimit computation isindependent from this type, there are no special requirements for it. Even no equalityoperation is needed because we identify the elements by their position in the data structurerepresenting the coproduct.Set diagrams themselves are based on a class for attributed graphs with diagramnodes and edges as attributes, and a class implementing the UNION-FIND set partitionalgorithm for the colimit computation. All these classes use a class implementing dynamicarrays called VECTOR[ELEM]. The restriction to a single base data structure has manyadvantages as will be explained in the following sections.5.3 Interface and EmbeddingNow we show, how the library can be embedded in an application for scheme transforma-tions. 70
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Transformation    of the representationsWe take as example the transformation of a data base speci�cation given as ER-diagram into a relational data base scheme. On top there is a class realizing this transfor-mation. It is based on the Alpha library [EC96] for general hierarchical algebraic graphstructures. Colimit computations are the essential operations in the Alpha library, theyare implemented by the colimit library. The general principles illustrated by this exampleare:� There should be an intermediate library layer providing the application speci�crepresentation of the diagrams and their transformation into the representation forthe colimit library.� The application speci�c library and the colimit library should use di�erent datarepresentations for the diagrams.� The additional overhead imposed by the change of representation is outweighed bythe advantages (simplicity, e�ciency and portability) for the colimit library.Before the colimit library was integrated with the Alpha library it provided sepa-rate specialised routines for the di�erent colimit constructions like pushouts, coproductsand coequalizers. These routines are very useful for the comparison of di�erent possiblerealizations of a general colimit procedure.Our approach structures the colimit procedure such that it relies on general set colimitscomputed by the UNION-FIND set partition algorithm. Alternatively it could recursivelycall specialised functions for coproducts and coequalizers (or pushouts and initial objects)following a di�erent proof of cocompleteness [RB88]. Obviously for general colimit com-putations this approach is less e�cient and the integration of partiality is more laborious.71



But despite this fact there could be some doubts whether this is also true if our appli-cation mostly requires elementary colimit computations like pushouts and coproducts. Aspecialised pushout routine can be realized without changing the representation and wehave more opportunities for optimisations.Our experiences with the Alpha library have shown that even under these circum-stances the speed advantage of the specialised routines is negligible in practice.5.4 Comparison of the Chosen Implementation Languages5.4.1 C++Currently C++ is very close to a standard among object oriented programming languages.It has the greatest variety of compilers and development environments and is consideredthe standard development language for OS/2 (IBM), Microsoft Windows and DOE fromSunsoft. Companies like IBM, Apple, Sun, Hewlett Packard and Microsoft produce mostof their software with C++. In short: C++ is the most common, most supported andmost portable object oriented programming language with the richest choice of availableclass libraries.C++ provides a smooth transition path from error-prone C-like techniques to anobject oriented programming style. It supports low-level programming in a way thatleaves no room for a lower-level language except assembler. In other languages like Javaand Ei�el sometimes you are forced by performance requirements to link your programwith routines written in a special low-level language. This aggravates maintenance andproduces interface problems. Progress in compiler technology will probably reduce thisadvantage for C++ in the near future.The major risk not using C++ are:� Poor integration into the target environment and with other tools or applications.� Lack of portability.� Lack of available class libraries.� Lack of availability and quality of tools.� Lack of runtime performance.We choose Java and Ei�el as alternative languages, because they avoid mostly the �rstfour of these risks. In addition we will show by performance measurements, that Ei�el hascompetitive runtime performance for our application. The runtime performance problemswith Java will probably disappear when better compilers or specialised Java processorsbecome available.The main reason for choosing C++ as our �rst implementation language is its enor-mous exibility and the general availability of the Standard Template Library (STL)[AS94]. The STL provides a higher level of abstraction by separating containers, iteratorsand algorithms, a concept called generic programming in [Jaz95]. Iterators provide access72



to the containers, and algorithms are formulated using the iterators. This means, thatwe can easily exchange a container by another one for e�ciency reasons. Because everycontainer class has some advantages and drawbacks, the best choice is dependent on theconcrete application. The STL enabled us to experiment with di�erent representations ofobjects and morphisms for the colimit algorithm.But as always there is a backside of the medal. Following [RK94], C++ is hard to learnand few programmers get really good at it. These are the words from the chairman of amajor vendor of C++ compilers (Borland International). [ML94] states that the person-days per class value is higher for C++ than for other languages because C++ is morecryptic and di�cult to reuse, resulting in more reinvention versus reuse. Behaviour ofC++ programs can be subtle and hard-to-predict. C++ may be regarded as a signi�cantbarrier to learning and applying object oriented methodologies.5.4.2 JavaJava, although like C++ an object oriented C-extension, avoids many of the problemswith C++ mainly by the restriction on essential language features. There are no gotostatements, header �les, structs and unions, operator overloading, multiple inheritanceand templates (generic data types). But the most important simpli�cation is that Javadoesn't use pointers and provides automatic memory management (garbage collection).Pointers and hand-coded memory management are one of the most bug-prone aspects ofC++ programming. Despite its syntax, Java has more similarity with Ei�el than withC++. It is questionable whether it was a good idea to remove multiple inheritance andgenericity (the major remaining di�erences to Ei�el).Both Ei�el and Java are strongly object oriented in the sense that every data type isan object. In Ei�el this holds for all data types, in Java some built-ins like integers forman exception. This forces the programmer to use object oriented design methodologiesand enables the de�nition of general features shared by all classes and objects. In thecolimit library for instance it simpli�es the implementation of the test output for diagramsand colimits.The main advantages Java currently has both over C++ and Ei�el are:� Platform independence supported by the Java Virtual Machine (JVM), an abstractmachine interpreting Java byte code on many di�erent machines and operatingsystems. The performance penalty for byte code interpretation is partly balancedout by new compilation techniques like just in time compilation. There are plans tobuild compilers into the JVM also for Ei�el, which is near at hand because of thestrong similarities between both languages.� General availability of powerful libraries (together with their source code). But sincethe language is relatively new, they are currently not very stable. At least once ayear new versions with major extensions are published.� Support of distributed applications and threads built into the language (keywordsynchronised). For Ei�el new concepts for synchronisation are developed but notyet integrated in the language and the tools.73



� Run time support from internet browsers, which recently became one of the mostimportant applications.5.4.3 Ei�elBeside C++ and Java, which are mainstream languages, Ei�el currently hasn't achievedsuch a wide spread acceptance for several reasons. Most programmers today have ex-perience in C programming, so they favour languages with a syntax similar to that ofC. Additionally Ei�el doesn't come with a powerful public domain library of prede�nedclasses as Java. But C++ and Java inherit from C together with the syntax several lan-guage design aws. In C++ it is even possible to code in a low level C-style, withoutusing any object oriented methodology.Ei�el is a simple, easy to learn purely object oriented language, with built in safetyfeatures like assertions. Its main advantages related to C++ and Java are� A powerful constraint genericity mechanismwhich combines the safety of static typechecking with the exibility of dynamic binding.� A true and safe multiple inheritance mechanism. Often it is claimed that multipleinheritance is tricky (specially with C++), but Ei�el has a safe mechanism to handlethe issue. Even if Java's interfaces are a nice feature to support multiple speci�cationinheritance, there's no way to inherit more than one implementation.� The "Design By Contract" methodology (preconditions, postconditions and classinvariants) is directly supported by the language. On the one hand this leads to agreat improvement of software quality. On the other hand, applied to class libraries,it enhances productivity by shortening and simplifying the debugging phase. Java'sboundary checked arrays aim in the same direction.� The covariance principle, which is superior to Java's (and C++'s) invariance princi-ple. Features (attributes and routines) in a child class can be rede�ned with childrentypes. Covariance is supported by the "like" keyword, a simple and powerful wayto make routines covariant.As mentioned in the section before, in addition Ei�el shares most of the advantages relatedto C++ with Java.Summarising we can say, that there are many arguments for and against all possibleimplementation languages for the colimit library so that choosing only one would be toorestrictive. The given arguments motivate why we have decided to support C++, Javaand Ei�el.5.5 Component ProgrammingA few years ago software engineering was clearly dominated by object oriented design andprogramming. Recently another more data type oriented programming paradigm, calledgeneric programming [DRM89] gained importance. Component programming [Jaz95]74



combines paradigms from object oriented, generic and functional programming. It de-pends on recent advances in programming language technology, structuring of algorithmsand data structures and programming methodology. The language C++ plays an im-portant role, because of its enormous exibility in supporting di�erent design paradigms.The C++ Standard Template Library (STL) [AS94] illustrates the promise of componentprogramming.There is a strong relation between genericity and parameterised data types. Stepanovstates in [DRM89]: \The nature of the problem of verifying generic algorithms should beattractive to researchers in computer science and mathematics". The theory of structuredalgebraic speci�cations semantically described by colimit constructions is a step in thisdirection. But on the other side, the research on component programming should inuencethe tool design for structured speci�cation languages.We will motivate the importance of generic programming by a discussion on the e�-ciency of colimit computations. The STL provides a new higher level of abstraction byseparating containers, iterators and algorithms. Iterators provide access to the contain-ers, and algorithms are formulated using the iterators. This means, that we can easilyexchange a container by another one for e�ciency reasons. Because every container classhas some advantages and drawbacks, the best choice is dependent on the concrete applica-tion. For instance, hash tables and search trees both can implement associative containerssupporting the same iterator class. Hash tables provide constant average access time butmay be linear in the worst case while search trees have logarithmic worst case access andthe additional advantage, that the elements are sorted. See [Mus95] for a comparativediscussion. Using the STL switching from hash tables to search trees means to changeone line of code (the declaration of the container type), all algorithms work as before,only the e�ciency has changed.Therefore experimenting with di�erent representations of objects and morphisms forthe colimit algorithm was easy. Linear complexity is a theoretical result which doesn'ttell us how to reduce the constant factor. We tried hash tables, search trees, dynamicarrays and linked lists both for the set objects and the morphisms. From our �rst tryto the �nal implementation performance increased by a factor of 8-10, both in time andspace.Beside using the STL alternatively we made experiments with the LEDA class library[KM95], which directly supports graphs and set partitions. But choosing a library withsuch a rich functionality conicts with some of our main design criteria, namely indepen-dence from the implementation language and e�ciency.5.6 Mapping of the Mathematical Concepts to Data TypesHow should the mathematical concepts described in the theoretical part of this thesisbe mapped to concrete data types? Coincide the requirements for their design from theapplications with that for the colimit computation? Can we use the same representationor is it necessary to introduce a transformation? We will see, that optimal performance ofthe crucial operations of the colimit computation conicts with performance requirementsof operations needed by their applications. Hence we propose not to share the representa-75



tions but to perform an extra transformation step to a representation optimised speci�callyfor the colimit algorithm. This has the additional advantage, that this representation iscompletely independent from the application. If additional requirements occur and theapplication data types are extended only the transformation has to be adapted.The colimit library handles diagrams of categories of structured objects like signatures,graphs, graph structures, terms, etc. . In the chapters 3 and 4 we have theoretically shown,how these diagrams can be represented in a modular manner by simple set diagrams. So wemainly have to �nd an optimal data type representation for set objects and morphisms,and for the relations derived from their structure, for example the source and targetmappings for graphs or the arity function for signatures.For the colimit computation the most important set operations are application andcomposition of morphisms, coproduct, factorisation and computation of the universalmorphism. To achieve linear complexity of the colimit algorithmwe need linear complexityof all these operations which requires constant time complexity for the following twocontainer class operations:� Random access to an element. This enables the application of a morphism to a setelement in constant time and is needed for the factorisation , i.e. , the applicabilityof the UNION-FIND set partition algorithm.� Insertion of an element at some position into the container. This represents thecoproduct of an arbitrary set with a set containing one element. If it has constanttime complexity the coproduct of two arbitrary sets has linear complexity.In terms of category theory: These two requirements enable the computation of dualcoequalizers and coproducts in linear time. Obviously these are necessary criteria for thelinear complexity of the algorithm for arbitrary colimits. Theorems 3.1.6, 3.2.4, 4.2.7and 4.2.9 show, that they are also su�cient. 21Less relevant for the colimit computation are the deletion of an element, the insertionat a certain position inside the container and the access of an element corresponding to akey (for instance a string identi�er). At least the key access is of crucial importance at theapplication level which motivates our decision to use di�erent diagram representations.Our requirements exclude for instance linked lists as container class implementing setmorphisms. Linked lists provide deletion and insertion at an arbitrary position in constanttime (which is not needed), but random access has linear complexity. This means, thatapplication of a morphism to a set element wouldn't be possible in constant time.The identi�cation of elements is needed only for the coproduct and the colimit, but notfor the input sets. Suppose two elements from two di�erent sets are equal (have the samekey). If we would represent the distinction of these elements in the coproduct via some tag,their comparison would require to compare both the key and the tag. Obviously thereare more e�cient solutions. The container object representing the coproduct containsreferences to all elements.21In the practical part of this thesis we forget about the (minimal) non-linearity of the complexity ofthe UNION-FIND algorithm because it is irrelevant for practical applications. It is even not measurable.76



� We could use the memory locations of these references as key for the coproduct.Since today machines use a at memory model, this solution is feasible in general.But there might occur problems when the memory location of an element changes,caused for instance by garbage collection. Another argument against this solutionis that some programming languages like Java and Ei�el don't support pointers.There memory locations are not comparable.� We could decide to use (dynamic) arrays as container class. Then we simply coulduse the array index as key, enabling very e�cient coproduct element comparisonsin constant time.After analysis and evaluation of many experiments with di�erent representations we�nally have chosen the second solution with dynamic arrays as the basis of our datastructures. Beside meeting all our requirements this representation has many advantages:� The coproduct of a set diagram can simply be computed as array concatenation inlinear time.� Index based set mappings can easily be lifted to the coproduct by index computa-tions in linear time.� Dynamic arrays are supported by the standard libraries of many programming lan-guages, especially by C++, Java and Ei�el.� Garbage collection is much easier, because there is only one continuous memoryarea occupied by the container.� Caching and paging reduce the performance of containers which are widely dis-tributed over the physical memory area. Performance of secondary and tertiarymemory currently can not keep up with the breakneck speed of processor develop-ment, which makes this problem even more relevant.Memory management is crucial for the performance of an implementation of dynamicarrays. Extension of a dynamic array by a single element can only be done in constanttime (on average) if the allocated memory is increased exponentially. That means, thatafter the allocated memory is exhausted, its contents are copied in a new area which isby a certain factor larger than the old one. Most C++ STL implementations, the Javastandard library and most Ei�el libraries support this behaviour. If not, the dynamicarray class from the library has to be adapted (using inheritance), to avoid a signi�cantloss in performance. This was done for some Ei�el ports of the library. In one case(SmallEi�el) the library itself was modi�ed by its author (D. Colnet, CRIN-INRIA).The price for the enhanced e�ciency is that some memory is wasted. For instance,if the chosen factor is 2, on average only 75% of the memory is occupied by (referencesto) array elements. But compared with alternative container data types this overheadseems acceptable. Linked lists for instance waste 50% of their memory for the pointersrepresenting the links between elements. Trees and hash tables waste even more.77



5.6.1 Sets and Set MorphismsAs motivated in the last section both sets and set morphisms are realized as dynamic ar-rays. Set elements are distinguished by their array indices. This representation is optimalfor the needs of the colimit computation. Exactly the operations needed for the colimitconstruction, namely element comparison, application and composition of morphisms, co-product computation, computation of the universal morphism from the coproduct (andcolimit) and factorisation are supported with the highest possible e�ciency. It is notsuitable for other operations like access of a set element corresponding to some key (iden-ti�er), set union, di�erence and intersection, insertion and deletion of an element and setequality. Here for instance a search tree representation as used for the STL set containerclass is more appropriate. Hence we use such a representation for the applications of thecolimit algorithm and add to the algorithm the transformation between the two repre-sentations. This approach is realized for instance for the implementation of the Alphalibrary for scheme transformations [EC96].The application needs access to the representation of the colimit. Therefore the trans-formation has to be performed in both directions. We need to establish a bidirectionalmapping between the representations. We have to map keys (identi�ers) on the corre-sponding array indices. This mapping can be realized by a hash table or a search tree.Both hash tables and search trees don't have a guaranteed constant access time, whichmeans that we loose linear complexity of the overall colimit computation including thetransformations. But the complexity depends only on the size of the involved set objects,not on their number. Under normal conditions hash tables provide constant average ac-cess time, so it is not surprising, that this theoretical problem doesn't occur in practicalbenchmarks.We abbreviate the contents of a dynamic array [0 7! a; 1 7! b; : : :] with indices startingat 0 by [a; b; : : :]. The concrete representations are:� Sets are represented as dynamic arrays of object references.� Morphisms are represented as dynamic arrays of integers, where the integers areindices into the target set array indicating the target elements corresponding toa source element. For instance, let A = fa; b; dg; B = fa; b; cg and the partialmorphism f : A ! B = fa 7! a; b 7! c; d 7! ?g, then A is represented by[a; b; d], B by [a; b; c] and f by [0; 2;�1] (the �rst index is 0, an unde�ned positionis characterised by �1).5.6.2 Attributed GraphsAlthough we provide an implementation of graph diagrams, the most important role ofgraphs is their usage as basic data structure for the implementation of set diagrams. Theyare realized as follows:� A graph is represented by four arrays, a node attribute array, an edge attribute arrayand two integer arrays representing the source and target mappings. The integers78



in these arrays are indices into the node attribute array indicating the source rsp.target node of an edge. For instance, given the graph G with nodes fa; b; cg andedges fe : a ! b; f : a ! cg, its nodes are represented by [a; b; c], its edges by[e; f ], its source mapping by [0; 0], its target mapping by [1; 2] (0 is the index of the�rst node a).� Graph morphisms are given as tuples of set morphism arrays, one for the nodes andone for the edges.This graph representation not only shares the general advantages of dynamic arraysmentioned above, it is also much closer to their mathematical de�nition (see 2.2.1) asthe usual realization as a pointer structure. Its main disadvantage is that the deletionof a node or edge is relatively expensive, i.e. needs linear instead of constant time, andthat it is not appropriate for graph traversal algorithms. But it serves our purposes in anoptimal way in providing optimal performance for the colimit computation.The separation of the node and edge part of a graph morphism is essential for the\comma-categorical" modular representation of graph diagrams constructed from twoseparate set diagrams.5.6.3 Set DiagramsSet diagrams are implemented as attributed graphs with integer tuples and dynamicinteger arrays as node rsp. edge attributes where:� The node attributes contain object delimiting indices into the coproduct (whichitself is a set object, hence represented as an array).� The edge attributes store representations of the morphisms.The set coproduct is the disjoint union of all set objects in the diagram. It is con-structed by array concatenation. The coproduct is simply the concatenation of all arraysrepresenting set objects in the whole diagram. There is no need to store these set arrays,instead their delimiting indices into the coproduct array serve as representation of setobjects. These indices are necessary to transform the index of the element of a set objectinto its related index into the coproduct rsp. colimit array.5.6.4 Attributed Graph DiagramsA graph diagram is represented by a tuple of set diagrams and a tuple of integer vectorsrepresenting the source and target mappings of the coproduct graph. This coincidesexactly with the modular structure of graph diagrams introduced in chapter 3.5.6.5 SignaturesA signature is represented as a tuple of arrays containing sorts and operations and an arrayof integer arrays representing the arity. The integers in these arity arrays are indices into79



the sort array indicating the argument sorts and the result sort (in this order). Forinstance, the sorts are given as SORTS = fa; b; cg, the operations areOPS = ff : a; b! c; g : c! a; h :! bg then SORTS is represented by [a; b; c], OPS by[f; g; h] and the arity by [[0; 1; 2]; [2; 0]; [1]].Signature morphisms are given as tuples of set morphism arrays, one for the sorts andone for the operations. A signature diagram is represented by a tuple of set diagrams andan array storing the coproduct arity.The attentive reader may have noticed the strong similarities between graph andsignature diagram representations. This is caused by the \comma-categorical" modularrepresentation of these diagrams. The theory from chapter 2 is realized as close as possibleleading to an uniform treatment of these categories. But we go not as far as [RB88] wherea general algorithm for comma categories is given, because e�ciency is one of our maindesign criteria.5.6.6 Speci�cationsIn the current version of the colimit library speci�cations are not yet directly supported.But the class for signatures can quite easily be extended via inheritance to compute theaxioms of the colimit object, if we take speci�cation morphisms as pure syntactical trans-formations. If we need in addition a semantical transformation of the axioms, theoremproving techniques, as for instance realized in the SPECWARE system [SJ95], are re-quired. Despite being out of scope of this thesis a semantical treatment of speci�cationmorphisms is very useful in practical applications. But its basis is the syntactical colimitconstruction on signatures as provided by our library.5.6.7 Alpha AlgebrasAn Alpha algebra is represented as an array of items, an array of integer arrays repre-senting the references and an array of attribute arrays for the attributes. The integers inthe reference arrays are indices into the item array indicating the referenced items. Forinstance, given the Alpha algebraALGEBRA Aa1()a2(1:a1 2:v1)v1(1:a1 ATTR 1:val1 2:val2)ENDthe items are represented by [a1; a2; v1], the references by [[ ]; [0; 2]; [0]] (0 is the index ofthe �rst item a1) and the attributes by [[ ]; [ ]; [val1; val2]]. Alpha algebra morphismsare given as item set morphism arrays.5.6.8 Graph StructuresGeneral graph structure diagrams are not directly supported by the colimit library. In-stead they have to be transformed into equivalent (typed) Alpha algebra diagrams. Dif-80



ferent item sorts are distinguished by typing morphisms. The graph structure obtainedby re-transforming the typed colimit Alpha algebra is the colimit of the original graphstructure diagram. The typing is obtained as a universal morphism from the colimit ofthe untyped Alpha algebra diagram into the type algebra.5.7 Colimit Computation for Set DiagramsWe will present a slightly simpli�ed version of some of the function de�nitions imple-menting the incremental colimit computation on sets. It illustrates the compactness andreadability of the code. Note that the following code implements both coproduct compu-tation and the factorisation. We use the Ei�el version of the code, because Ei�el has themost readable syntax of our chosen implementation languages. But there is almost a lineto line correspondence to the Java and C++ versions since we designed the classes in aportable manner.The union operations of the UNION-FIND algorithm can be performed directly duringthe insertion of morphisms into the diagram. Thus the algorithm becomes incremental,in the sense that we can use the computed colimit and later extend the diagram withoutrecomputation. Unfortunately, deletion of a morphism requires recomputation of thecolimit due to the internal structure of the UNION-FIND algorithm.insert_object(set: VECTOR[ELEM]; name: STRING): INTEGER islocalset_lower: INTEGERelement: VECTOR_ITERATOR[ELEM]coprod_obj: COPROD_OBJECTdo set_lower := f_coproduct.upper+1from !!element.first(set) until not element.availloopf_coproduct.push_back(element.item)f_colimit.push_back(f_coproduct.upper)f_partition.make_blockelement.nextend -- loopf_name.push_back(name)!!coprod_obj.make(set_lower, f_coproduct.upper)f_colimit_valid := FALSEResult := insert_node(coprod_obj)end -- insert_objectinsert object inserts a SET -object into the diagram, thereby incrementally computingthe coproduct. The coproduct is represented as a dynamic array (class VECTOR) ofset elements (parameter class ELEM). Array elements are appended to an existing arraywith push back, which automatically increases the size of the array by a certain factor, ifnecessary. Iterators are created and set to the �rst element with �rst, stepped throughwith next, and tested for more available elements with avail. The element at the positiondenoted by the iterator is given by item. upper and lower are the delimiting array indices,81



in�x operator @ delivers the element at a given index. The f partition.make block opera-tion creates a new equivalence class for the UNION-FIND set partition algorithm. It iscalled for all elements in the input set.The set diagram is represented as an attributed graph with SET -objects as nodeattributes and SET -morphisms as edge attributes. Only the object delimiting indicesinto the coproduct vector, not the objects itself are stored in the diagram. The mostimportant routines are those for inserting objects and morphisms and for computing andaccessing the colimit.insert_morphism(morphism: VECTOR[INTEGER]; v, w: INTEGER): INTEGER isrequiremorphism_size: set_at_node(v).upper - set_at_node(v).lower + 1= morphism.countmorphism_lower: morphism.lower = 0localsource_lower, target_lower,source_pos, target_pos, partition : INTEGERelement: VECTOR_ITERATOR[INTEGER]do source_lower := set_at_node(v).lowertarget_lower := set_at_node(w).lowerfrom !!element.first(morphism) until not element.availloopsource_pos := source_lower + element.indextarget_pos := target_lower + element.itempartition := f_partition.union(source_pos, target_pos)element.nextend -- loopf_colimit_valid := FALSEResult := insert_edge(morphism,v,w)end -- insert_morphisminsert morphism inserts a SET -morphism into the diagram, thereby incrementally per-forming the factorisation. For all source elements element the corresponding target indextarget pos into the coproduct vector is computed and the f partition.union operation iscalled with all these pairs. f partition.union is the union operation from the UNION-FIND set partition algorithm. Before insert morphism can be applied, the dynamic arrayrepresentation of the morphisms has to be computed, e.g by using an associative con-tainer. The code presented here is a slightly simpli�ed version which doesn't include thetreatment of partial mappings.get_colimit_index_at_node(element, node: INTEGER): INTEGER isdo Result := get_colimit_index(element + set_at_node(node).lower)end -- get_colimit_element_at_node 82



get_colimit_index (element: INTEGER): INTEGER isdo if f_colimit_valid thenResult := f_colimit @ elementelseResult := f_colimit @ (f_partition.find(element))end -- ifend -- get_colimit_indexget colimit index at node returns the index of the colimit element representing a givenelement in a SET -object at a diagram node. Note that the input element is speci�ed byits position in the SET -object. Computation of this position can be performed using anassociative container. First the index of the input element into the coproduct vector iscomputed. Then the index of the corresponding colimit element is obtained from the �ndoperation from the UNION-FIND set partition algorithm (f partition.�nd). The arrayf colimit is used for two purposes:� To select a speci�c element representing the colimit equivalence class, which maybe di�erent from the result of the �nd operation.� To reduce the time needed for the function call by storing the results of the �ndoperation precomputed for all coproduct elements.The colimit element may be obtained from its index by accessing the f coproduct ar-ray. The whole computation is done in constant time because of the (almost) constantcomplexity of the �nd operation.compute_colimit islocalcolim_index: INTEGERelement: VECTOR_ITERATOR[ELEM]index: VECTOR_ITERATOR[INTEGER]do from !!element.first(f_coproduct)until not element.availloopcolim_index := f_colimit @ (f_partition.find(element.index))f_colimit.put(colim_index,element.index)element.nextend -- loopf_colimit_valid := TRUEend -- compute_colimitcompute colimit calls the �nd operation for all coproduct elements and stores the result inthe array f colimit. It serves as an optimisation and is called automatically from interfaceroutines. compute colimit itself is not part of the interface.83



5.8 Colimit Computation for Signatures and Alpha algebrasThe colimit computation for signatures is implemented exactly following the cocomplete-ness proof for comma categories. Signature diagrams are internally represented as tuplesof set diagrams together with an array storing the coproduct arity. That means, thatthe arity is not stored separately for all objects but directly for the coproduct. Since wemaintain all object delimiting indices into the coproduct array, we can easily retrieve thearity for any concrete object from the coproduct arity. As for sets, the most importantroutines are those for inserting objects and morphisms and for computing the colimit.insert_object(sorts: VECTOR[SORT]ops: VECTOR[OP]arity: VECTOR[VECTOR[INTEGER]]name: STRING): INTEGER isrequireops.count = arity.countlocallower, sort_node, op_node: INTEGERarity_sorts: VECTOR_ITERATOR[VECTOR[INTEGER]]arity_sort: VECTOR_ITERATOR[INTEGER]cop_sorts: VECTOR[INTEGER]do lower := f_sort_diagram.coproduct_upper + 1sort_node := f_sort_diagram.insert_object(sorts,name)op_node := f_op_diagram.insert_object(ops,name)from !!arity_sorts.first(arity) until not arity_sorts.availloop!!cop_sorts.make(arity_sorts.item.lower,arity_sorts.item.upper)from !!arity_sort.first(arity_sorts.item)until not arity_sort.availloopcop_sorts.put(arity_sort.item + lower, arity_sort.index)arity_sort.nextend -- loopf_coprod_arity.push_back(cop_sorts)arity_sorts.nextend -- loopf_colimit_valid := FALSEResult := sort_nodeend -- insert_objectinsert object inserts a signature into the diagram. First the sorts and operations areinserted in di�erent set diagrams, then the coproduct arity is computed. The sort listsassigned to each operation are stored as index arrays where the indices denote the positionin the sort object. Since the sorts of the inserted signature get new positions in thecoproduct, some index computations are performed to compute the coproduct arity.84



insert_morphism(sort_morphism, op_morphism: VECTOR[INTEGER]v, w: INTEGER): INTEGER islocalsort_edge, op_edge: INTEGERdo sort_edge := f_sort_diagram.insert_morphism(sort_morphism,v,w)op_edge := f_op_diagram.insert_morphism(op_morphism,v,w)f_colimit_valid := FALSEResult := sort_edgeend -- insert_morphisminsert morphism inserts a signature morphism into the diagram by calling the correspond-ing function for set diagrams. The signature diagram representation is chosen accordingto the comma categorical structure of the category, which makes this function almosttrivial. The incremental colimit computation for sorts and operations is inherited fromthe insert mophism operation for sets.compute_colimit islocalcolimit_sorts, colimit_ops, colim_arity, arity_sorts : VECTOR[INTEGER]op, sort: VECTOR_ITERATOR[INTEGER]colim_sort: INTEGERdo colimit_sorts := f_sort_diagram.get_colimit_indicescolimit_ops := f_op_diagram.get_colimit_indices!!f_colimit_arity.make(colimit_ops.lower, colimit_ops.upper)from !!op.first(colimit_ops)until not op.availlooparity_sorts := f_coprod_arity @ op.item!!colim_arity.make(arity_sorts.lower,arity_sorts.upper)from !!sort.first(arity_sorts)until not sort.availloopcolim_sort := f_sort_diagram.get_colimit_pos(sort.item)colim_arity.put(colim_sort, sort.index)sort.nextend -- loopf_colimit_arity.put(colim_arity,op.index)op.nextend -- loopf_colimit_valid := TRUEend -- compute_colimitcompute colimit performs the colimit computation calling the corresponding function forset diagrams. That computes separately the colimits for the sorts and the operations. Fi-nally some index conversions are performed to compute the arity of the colimit signature.It is called automatically from interface routines and is itself not part of the interface.get colimit pos delivers the position of the colimit representation of an element in the col-imit object (which is di�erent from its position in the coproduct given by get colimit indexsince the colimit contains less elements. 85



The corresponding functions for Alpha algebras are very similar so we refer to thedocumentation of the code itself. Di�erent from signatures mainly is the treatment ofpartial morphisms. As we know from the theory we have to apply a colimit preservingtotalisation functor to the resulting partial Alpha algebra. In chapter 3 we derived anabstract description of this totalisation algorithm, here we present its concrete code:totalize isdo compute_dependentdelete_dependent(f_dependent @ bottom)f_total_valid := TRUEend -- totalizecompute_dependent islocalitem, item_ref: VECTOR_ITERATOR[INTEGER]dependent, colimit_items: VECTOR[INTEGER]colimit_item_ref: INTEGERdo if f_dependent = Void or not f_colimit_valid thencolimit_items := f_diagram.get_colimit_indices!!f_dependent.make(f_coprod_refs.lower, f_coprod_refs.upper)!!dependent.make_emptyf_dependent.put(dependent,bottom)from !!item.first(colimit_items) until not item.availloop!!dependent.make_emptyf_dependent.put(dependent,item.item)item.nextend -- loopfrom !!item.first(colimit_items) until not item.availloopfrom !!item_ref.first(f_coprod_refs @ item.item)until not item_ref.availloopcolimit_item_ref :=f_diagram.get_colimit_index(item_ref.item)dependent := f_dependent @ colimit_item_refdependent.push_back(item.item)item_ref.nextend -- loopitem.nextend -- loopend -- ifend -- compute_dependent 86



delete_dependent(deleted: VECTOR[INTEGER]) islocalitem: VECTOR_ITERATOR[INTEGER]do from !!item.first(deleted) until not item.availloopif f_diagram.get_colimit_index(item.item) /= bottom thenf_diagram.delete_element(item.item)delete_dependent(f_dependent @ item.item)end -- ifitem.nextend -- loopend -- delete_dependenttotalize is the main function of this algorithm calling compute dependent and thendelete dependent. compute dependent computes recursively a dependency graph. For allitems in the partial colimit Alpha algebra all items pointing via references (directly orindirectly) on them are stored in an array. delete dependent then only has to delete allitems dependent on the bottom element. Then there exists not longer any item referencingthe bottom element which means that the resulting Alpha algebra is total.5.9 Language Speci�c Implementation DetailsAlthough we designed the ports to our three implementation languages as similar aspossible, there are still some language speci�c implementation details.5.9.1 The Implementation in C++C++ was the �rst implementation language of the colimit library. After the ports toEi�el and Java were �nished we redesigned the C++ version to make the three ports assimilar as possible. As in Ei�el we augmented all classes with an out function convertingthe object into a printable string for test outputs. We avoided pointer arithmetic (inEi�el and Java pointers are not available) or concealed them in iterator classes fromthe Standard Template Library. We implemented both manual memory managementand the integration with an automatic garbage collector to compare their performance.The naming conventions used are somewhat unconventional for C++ code to obtainconsistency with the Ei�el port. We denote class methods (features) and local variableswith lower case and class names with upper case letters. Data members are preceded byf and they are only visible to the correspondent iterator classes. We tried three versionsof the STL on three platforms:� On Microsoft Windows NT/95 we used the original version from Hewlett Packardtogether with the IBM Visual Age C++ 3.0 compiler.� On Linux 2.0 and Solaris 2.3 we tried the GNU version of the STL from libg++2.7.1and the commercial version from Object Space.87



These STL versions di�er with respect to their performance and their debugging support(which is better for the Object Space version). The Object Space version needs lessmemory but is slightly slower than the other versions.5.9.2 The Implementation in Ei�elIn our comparison of object oriented programming languages above we have shown manyadvantages of Ei�el over C++. The most important ones were the constraint genericitymechanism, the "Design By Contract" methodology, the safe multiple inheritance mech-anism (with possible renamings), the covariance principle, the lack of pointers togetherwith automatic garbage collection and last but not least the much clearer syntax which isvery easy to learn. Ei�el can be used both as speci�cation and as programming languagewhich enables a smoother transition from the design speci�cation to the �nal code.From our experiences with the �rst available Ei�el compilers some years ago we ex-pected that these features don't come for free. The Ei�el port of the colimit library at�rst was started as an experiment to check how much of the e�ciency is lost as compen-sation. As we will see from the benchmark results in the next section, the performanceis more dependent on the speci�c compiler, basic library and operating system than onthe decision between Ei�el and C++. This surprisingly positive result motivated us toredesign the colimit library to minimise the di�erences between the versions for the di�er-ent languages. From the advantages of Ei�el one would expect a much faster developmentwith a shorter and better supported debugging cycle. Our experiences even surpassed ourexpectations.We tested most of the available Ei�el compilers, compensated minor library incom-patibilities and �nally compared the performance of the generated code.5.9.3 The Implementation in JavaSince Java shares many advantages with Ei�el and recently becomes more and more im-portant we decided to develop a Java port of the colimit library. It is more or less apure syntactic transformation of the Ei�el version, since we didn't make heavy usage ofthe more advanced features of Ei�el like multiple inheritance. At that time the avail-able development environments were quite rudimentary, but since then the situation hasimproved a lot. The main problem with Java was the missing support of generics (tem-plates). We had to compensate it by adding dynamic type casts to ensure correct typing.Static type checking is hereby replaced by dynamic type checking which independentlyfrom the compiler technology reduces the maximal achievable performance. In additionthe readability is decreased as the code contains less static type information. We triedJava byte code interpretation, just in time compilation and Java to C compilation andcompared the e�ciency of the generated code. In all cases it is signi�cantly inferior tothe C++ and most of the Ei�el results, which is partly caused by the early developmentstage of the Java compiler technology. 88



5.10 Benchmark ResultsFirst benchmarks have shown linear space and time complexity of the colimit computa-tion for set, signature, graph and Alpha algebra diagrams up to diagram sizes which donot cause swapping. Since several hundred MB RAM memory is a�ordable today, thealgorithm can treat diagrams containing several millions of elements in a few seconds.Considering our theoretical complexity proofs this result is not very surprising. Moreinteresting is the comparison of di�erent compilers / programming languages. The dif-ferences between the compilers are more or less independent from the size and kind ofthe computed diagrams. Of course colimit computation cannot be regarded as a generalbenchmark, with our implementation it mainly checks the performance of dynamic arrayoperations. Since dynamic arrays play such an important role, we optimised their libraryversions for some of the chosen compilers.For our comparison we choose the computation of the colimit of a signature diagramcontaining about 20000 symbols. The computation is repeated 12 times in a loop to testthe garbage collection. The measurements are made on a 200Mhz Pentium Linux PCwith 192MB memory using the time command. We added the user and system times toobtain the results. Note that at least 128Mb RAM is needed to avoid swapping for thetest without garbage collection. The test diagram contains several morphisms per nodechosen such that the factorization is hard to compute. Although we made a port to theMicrosoft Windows NT platform using IBM Visual C++ 3.0, we list only the results forLinux to exclude the inuence of di�erent operating systems for our comparison.We compared the following compilers / programming languages:� C++: GNU g++ 2.7.2. We tried both the GNU-STL from libg++ 2.7.1 and thecommercial STL-implementation from ObjectSpace.� SmallEi�el: A public domain Ei�el compiler from CRIN-INRIA obtainable via ftpfrom ftp.loria.fr/pub/loria/genielog/SmallEi�el. We used version -0.89 with compileoptions -boost, -no split.� Tower Ei�el: Version 2.0, all optimizations enabled.� ISE Ei�el: We tested ISE ebench 3.3.7, both the interpreted (melted) and thecompiled version (options �nalize, precondition checks o�, no precompiled libraries,inlining enabled, array optimizations on).� SIG Ei�el: Because of library incompatibilities we ported only the parts of thecolimit library necessary for this test.� Java: We tested three di�erent Java implementations, the Sun Javac 1.0.1 withbytecode interpreter, the ka�e-0.5p3 just in time compiler and the j2c Java to Ccompiler from Todo Software (ftp.webcity.co.jp/pub/andoh/Java/j2c-beta4.tar.gz).We compiled the Sun Javac compiler itself with j2c to obtain the compile timeresults. 89



All Ei�el implementations and the j2c Java to C compiler use GNU gcc 2.7.2 with option-O2 as back end. As garbage collectors we tested:� manual: Manual memory management� BDW: Boehm-Demers-Weiser (ftp.parc.xerox.com/pub/gc/gc4.10.tar.gz)� ISE, SIG, Tower: Built-in GC from vendor� Sun, ka�e: Built-in GC, but compiler uses Boehm-Demers-WeiserWe integrated the Boehm-Demers-Weiser garbage collector into the C++, the Small-Ei�el and the Java to C compiler to be able to compare all languages / compilers incombination with automatic memory management.All implementations use iterator classes to traverse the elements of a container. STL-iterators use C++ speci�c language features to achieve an e�ciency which cannot berealized for Ei�el iterator classes. Hence we tested the Ei�el implementations also with aspecial version of the colimit library where the use of iterator classes is restricted to lesscritical code areas.compiler GC iter- run comp. mem. codeators time time sizein sec in sec in MB in kBC++ gnu lib manual yes 4.9 12.0 5.2 32C++ GNU libg++ BDW yes 9.3 14.5 9.9 76C++ Obj.Space BDW yes 8.6 17.0 6.6 50SmallEi�el BDW yes 6.9 11.0 8.0 58SmallEi�el BDW restr. 5.6 11.0 6.6 57SmallEi�el | yes 7.3 10.8 71.2 31SmallEi�el | restr. 5.8 10.8 60.0 30Tower Ei�el Tower yes 12.7 59.0 9.6 132Tower Ei�el Tower restr. 8.2 59.0 9.5 131Tower Ei�el | yes 8.3 59.0 77.7 132Tower Ei�el | restr. 6.9 59.0 66.5 131ISE melt ISE yes 1404.0 15.0 8.5 {ISE �nalize ISE yes 234.0 165.0 6.8 192ISE �nalize ISE restr. 219.0 165.0 6.6 192ISE �nalize | yes 42.8 165.0 108.0 192ISE �nalize | restr. 31.0 165.0 95.0 192SIG Ei�el SIG yes 424.0 12.0 11.2 74SIG Ei�el SIG restr. 39.5 12.0 17.0 74SIG Ei�el | yes 43.2 12.0 214.0 74SIG Ei�el | restr. 36.0 12.0 192.0 74Java (Sun) Sun yes 528.0 0.9 102.0 16Java (ka�e) ka�e yes 4364.0 0.9 43.0 16Java (j2c) BDW yes 53.4 38.0 18.5 24390



From the table above we can derive a lot of interesting conclusions:� Java interpretation results in the fastest compile time but in slow execution time.Only diagrams up to a size of several thousand elements can be computed in anacceptable time. Just in time compilation is even slower (for colimit computations),only Java to C compilation delivers acceptable results. Currently the Java compilertechnology is in its early stages, large improvements may be expected in the future.Sun's Java processors will make the performance even more competable. But themissing parameterisation concept in Java restricts not only the readability of thecode, the necessary run time type checking causes a principal performance penalty.� Ei�el interpretation (ISE melt) is by factor three slower than Java interpretation,but garbage collection is more e�ective.� C++ with manual memory management gives the best performance results (100times faster than Java interpretation).� With automatic garbage collection there is almost no di�erence between C++ andthe best Ei�el implementations (SmallEi�el and Tower).� For the colimit computation the advantages of automatic garbage collection out-weigh its performance penalty. The Boehm-Demers-Weiser garbage collector is apowerful tool applicable to many languages providing them with automatic memorymanagement.� There are large di�erences in the performance of the di�erent Ei�el compilers.� Beside for SIG Ei�el the overhead for separate iterator classes is acceptable.� Both the Ei�el and the C++ implementation can treat diagrams up to a size ofmillions of elements in reasonable time and space on a cheap standard PC.
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6 ConclusionAfter summarising the main results of the thesis we give an outlook over future work.6.1 SummaryCategory theory provides powerful means for the abstract description of the semanticsof speci�cation languages and graph transformations. The colimit construction is thefundamental concept on which the de�nition of language structuring operations resp.graph transformations can be based. As pointed out in [Cla93], the restriction to specialcolimits (e.g. pushouts) for the de�nition of the semantics of speci�cation languages leavesimportant implementation decisions wrt. sharing and structural equivalence open. Thisleads to the de�nition of an additional set theoretic semantics which is complex and hardto understand [San84, Cla89]. This seems no longer be necessary, since we have shown byproof and implementation, that there are algorithms computing colimits of speci�cationswith almost linear complexity.We have pointed out, that the structuring of proofs of cocompleteness of categoriesby means of comma category constructions leads to a structure of colimit algorithmssupporting both reusability and e�ciency. In every application the algorithm relies onthe colimit computation on SET -diagrams. Here direct implementation of the usualconstructive cocompleteness proof as done in [RB88] leads to an ine�cient algorithm. Weavoided this by providing an alternative proof (theorem 3.2.2) which exploits propertiesof the category SET .We extended the theory and its realization for graph structures with partial morphismsand outlined some of its applications for scheme transformations [CL95, EC96], an inter-active graph editor and transformation system (AGG-system [LB93]), a tool for algebraichigh level (petri) nets and the simulation of an abstract machine for the execution offunctional logic programming languages [CW94]. For the implementation special simplegraph structures called Alpha algebras were used.We presented the design of a library implementing colimits for sets, signatures andgraph structures and its integration into a general library for Alpha algebras. Majordesign decisions were motivated by their inuence on the maintainability, portability ande�ciency of the resulting code. Independence from speci�c implementation languageswas one of our goals. We discussed example implementations in C++, Java and Ei�eland showed benchmark results comparing their performance. Recently the language in-dependence of the library has proven its usefulness, since it was decided to change theprogramming language for the re-implementation of the AGG-system from C++ to Java.Instead of adapting the tools to the theory, in this thesis we adapted the theory for theneeds of the tool design. The cocompleteness proofs were (re-)formulated such that thereis a strong correspondence to the implemented code without any compromises related toe�ciency. 92



6.2 OutlookAll applications of the colimit library are currently ongoing developments. We still haveto gather experiences to decide on the priorities and directions the work could be im-proved and extended. From the theoretical point of view, the following extensions maybe interesting:� We need formal correctness proofs of the typed Alpha algebra representationsoutlined in this thesis for AGG-graphs, algebraic high level nets and jungles. Ithas to be shown, that the computed typed Alpha algebra colimit represents thecolimits in these categories.� For the representation of entity relationship schemes the work from [CL95] has tobe extended to cover the transformation into typed Alpha algebras.� Some applications demand tool support for other constructions from category the-ory, for instance limits and pushout complements. We need constructive proofs forthem supporting the design of e�cient algorithms.� For graph transformation systems the colimit computation performs a derivationstep, but doesn't support the search of matching occurrences of the transformationrules. It would be interesting to investigate how the search for a matching occurrencemay be combined with the colimit computation to obtain optimal performance.The implementation of the library could be enhanced by:� New ports to alternative platforms and programming languages: Specially the Win-dows NT platform gains more importance in the future. There is already a portto IBMs VisualAge for C++, but other ports may be required in the future. Inmost cases only small adaptions to the provided base libraries are needed, since thedependencies to proprietary features are kept as small as possible.� Direct support of the double pushout approach for graph transformations by pro-viding an e�cient implementation of the pushout complement.� Implementation of algorithms searching matching occurrences of derivation rules.� Support for changes in the data type part along Alpha algebra morphisms. Thiswould allow for more exibility of tools related to algebraic development methods,for example for AHL-nets.The colimit library could become the kernel of a more general library for tools supportingalgebraic development methods [EGW97]. Future experience during the development ofsuch tools will lead to the detection of other reusable components.93
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