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Abstract: The optical flow can be viewed as the assignment problem between the
pixels of consecutive video frames. The problem to determine the optical flow is ad-
dressed for many decades because of its central relevance. This paper gives a short
resume about classical methods. Afterwards advanced Markov random fields are de-
veloped. The challenge and beauty of this approach consists of the large spectrum of
mathematical and physical disciplines which work together.

1 Introduction

The optical flow gives to each pixel in a certain video frame the transformation vector
to the corresponding point in the succeeding frame. Of course, this is an approximate
assumption, which is never absolutely satisfied. The intensity of the pixel p = (px, py) at
time t is given by the function I(p, t). Here, x and y refers to the image coordinate system.
The propagation of the pixel is described by the optical flow f(p, t) = (fx(p, t), fy(p, t)),
i.e. a pixel p in frame t “moves” to a pixel p + f(p, t) in the frame t + 1. Under the
assumption that the intensity is constant along the pixels trajectory, one obtains

I(p+ f(p, t), t+ 1) = I(p, t) (1)

Using the derivative, one realize the following relation

∂I

∂x
(p, t)fx(p, t) +

∂I

∂y
(p, t)fy(p, t) = −∂I

∂t
(p, t) (2)

Unfortunately, these constraints do not necessarily determine the optical flow in a unique
way. This effect is known as the aperture problem. Therefore, additional constraints are
needed, e.g. for the smoothness of the optical flow, which leads to numerous algorithms.

Perhaps, the optical flow seems to be an somewhere academic or artificial object. How-
ever, one can retort that it is very relevant for many applications: Stereo viewing, moving
object detection, 3D image generation, electronically camera stabilisation or camera con-
trol.

The structure of the paper is as follows: The second chapter recapitulates some classical
algorithms. For both local and global methods an example is given and the advantages
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and problems are discussed. The third chapter considers new approaches which Markov
random fields. Therefore, the optical flow itself is modelled as a Markov random field.
Afterwards, we give some ideas, how the optical flow can be estimated by the related
methods. The perhaps most simple techniques are based on sampling methods, which are
presented in chapter four. Finally, chapter five is devoted to combinatorial optimisation,
especially graph cuts and binary optimisation. These are the most advanced methods.

2 Standard methods

The optical flow algorithms can be divided into global and local types. The first type con-
siders each point locally, and combines the local translations to obtain the optical flow
solution. The second one considers all pixels of an video frame simultaneously to deter-
mine the optical flow.

2.1 Kanade-Lucas optical flow method

This method considers each pixel separately. To improve stability and to overcame the
aperture problem a small neighbourhood window around each pixel is considered. It is
assumed that the optical flow is locally constant, i.e. that the optical flow equation holds
for all pixels in the neighbourhood window simultaneously. Let us consider a certain
pixel p and let the neighbourhood window consists of the points {p = p1, p2, ..., pm}. f
abbreviates f(p, t). This implies the following problem formulation [LK81]:

∂I(p1, t)

∂x
fx +

∂I(p1, t)

∂y
fy = −∂I(p1, t)

∂t
(3)

∂I(p2, t)

∂x
fx +

∂I(p2, t)

∂y
fy = −∂I(p2, t)

∂t
...

∂I(pm, t)

∂x
fx +

∂I(pm, t)

∂y
fy = −∂I(pm, t)

∂t

Usually, this is an over-determined system of equations. The least square estimate leads to
the following solution:(

fx
fx

)
= (4)

−

( ∑
i(
∂I(pi,t)
∂x )2

∑
i
∂I(pi,t)
∂x

∂I(pi,t)
∂y∑

i
∂I(pi,t)
∂x

∂I(pi,t)
∂y

∑
i(
∂I(pi,t)
∂y )2

)−1( ∑
i
∂I(pi,t)
∂x

∂I(pi,t)
∂t∑

i
∂I(pi,t)
∂y

∂I(pi,t)
∂t

)
The Kanade-Lucas method is a very popular approach, because of the lower complexity.
Together with the Tomasi feature extractor it is often used for image stabilisation. Unfor-
tunately, it delivers sometimes results, which have lack of smoothness.
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2.2 Horn-Schunk method

The method of Horn and Schunk [HS80] belongs to the global techniques. It postulates
the following energy functional:

E =

∫
(
∂I

∂x
fx(p, t) +

∂I

∂y
fy(p, t) +

∂I

∂t
)2 + α2(‖∇fx‖2 + ‖∇fy‖2)dpxdpy (5)

The model parameter α controls the smoothness of the optical flow. The functional is
solved by using the Euler-Lagrange equations. This leads to

∂I

∂x
(
∂I

∂x
fx +

∂I

∂y
fy +

∂I

∂t
)− α2∆fx = 0 (6)

∂I

∂y
(
∂I

∂x
fx +

∂I

∂y
fy +

∂I

∂t
)− α2∆fy = 0 (7)

with the Laplace operator ∆ = ∂2

∂x∂x + ∂2

∂y∂y . Hence, the optical flow can be computed
by certain iteration techniques, see [HS80] for details. Normally, this method produce
smoother results for the optical flow as the Kanade-Lucas method but simultaneously suf-
fers from discontinuities caused at the boundaries of objects with different movement be-
haviour.

3 Optical flow as Markov random field

The most advanced algorithms for optical flow calculations uses Markov random fields.
Therefore, the optical flow itself is modelled as a Markov random field. The first part gives
a short introduction into the topic of Markov random fields, afterwards it is shown how
Markov random fields can be used to model the optical flow. Therefore, a discretisation
is performed. It is assumed that the optical flow takes values in a discrete set Λ. In
the subsequent chapters strategies are developed to estimate Markov random fields and
therewith the optical flow.

3.1 Mathematics of Markov random fields

Let S be the finite index sets which enumerates the pixels of a video frame. Within the
language of Markov random fields a pixel position p ∈ S is called a site or location. A
family of random variables {Fp : p ∈ S} into a finite set Λ is called a random field. The
development of smoothness conditions for random fields requires neighbourhood struc-
tures. Later one is defined as follows:

A collection N = {Np, p ∈ S} is called a neighbourhood system if
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• p 6∈ Np and if symmetry holds, i.e.

• p ∈ Nq ⇒ q ∈ Np.

If q ∈ Np, p and q are called neighbours which is symbolized by p ∼ q. Finally, a subset
of S is called clique if any two elements are neighbours.
Typically neighbourhood structures on a two dimensional lattice are defined by p ∼ q ⇔√

(px − qx)2 + (py − qy)2 ≤ c, with p = (px, py), q = (qx, qy) and a constant c ∈ R.
Figure 1 visualises these definitions

Figure 1: Neighbourhoods and cliques for c=1 and 2

The intention of Markov random fields is to generalise the well known Markov chains to
two dimensional structures. As known, a Markov chain is a sequence of random numbers,
such that a present random number depends only on the immediate previous one while it
is independent from the other predecessors. The natural generalisation of this concept of
stochastic dependency in two dimensional random fields utilise the neighbourhood struc-
ture:

A random field is a Markov random field (MRF) with respect to a neighbourhood system
N if

P (Fp = fp | Fq = fq, q 6= p) = P (Fp = fp | Fq = fq, q ∈ Np) (8)

How do the properties of Markov chains generalise to random fields? Due to the Markov
property a Markov chain is described by the transition function and the initial distribution.
An analogy for MRFs can be derived by using the neighbourhood structure:
For each site the local characteristic of a Markov field is defined as

Πp(f) = P (Fp = fp | Fq = fq,∀q ∈ Np). (9)

The whole family {Πp : p ∈ S} is known as the local specification of the MRF.
The local specification determines a MRF uniquely:

Two distributions of an MRF with a finite configuration space ΛS that satisfy the positivity
condition and have the same local specification are identical.
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3.2 Physics of Markov random field

The theory of MRFs is also highly influenced by physics. So they were used for modelling
the ferromagnetism in statistical mechanics which was proposed by Wilhelm Lenz and is
today known as the Ising model. A famous generalisation of the Ising model is the one
of Potts which describes the interacting spins on a crystalline lattice in statistical physics.
The relations to physics motivates the following definition:

The potential is a family {VA : f → R | A ⊆ S} such that

V∅ = 0 (10)
VA(f) = VA(g) if fp = gp ∀p ∈ A (11)

This potential {VC | C ⊆ S} defines a energy according to

U : ΛS −→ R ∪ {∞} (12)

U : f 7→
∑
C

VC(f) (13)

Of special interest is the case, when the potential depends only on the cliques and vanishes
elsewhere. Using these potentials, MRFs are related to the so called Gibbs measure, which
is given by:

ΠT (f) =
1

ZT
e−

1
T U(f) (14)

ZT =
∑
f

e−
1
T U(f) (15)

where T > 0 is a constant (often set to 1), conventionally called the temperature and U(f).

It can be shown, that Markov fields follows the Gibbs distribution:
A random field f with distribution Π and an energy U(f) derived from a Gibbs potential
{VC : C ⊂ S} relative to a neighbour system N is a Markov random field. The local
characteristics are given by

Πp(f) =
e−

∑
{C|p∈C} VC(f)∑

λ∈Λ e
−

∑
{C|p∈C} VC(λfS\p)

(16)

where λfS\p is the configuration which is λ at p and identical to f on S\p.
The Hammersley-Clifford theorem states that also the reverse direction is valid: Let P be
the distribution of a Markov random field with respect to a site set S and neighbourhood
N satisfying the positivity condition. Then

P (f) =
1

Z
e−U(f) with Z =

∑
g

e−U(g) (17)
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and the energy U(f) is derived from a Gibbs potential {VC : C ⊂ S} associated with site
set S and neighbourhood N, see[Bre99], [Win06].

3.3 Markov fields and Video Processing

After this introduction into MRFs, the optical flow should be modelled as an MRF. Because
MRFs are related to Gibbs fields and these are described by the potentials, it is enough to
establish suitable potentials. Remember, that I identifies the intensity and f stands for the
optical flow. The one-clique potential compares the intensity at the corresponding sites
(pixels). It depends on a parameter K1 and is given by

Vp = min(K1, (I(p, t)− I(p+ f(p, t), t+ 1))2) (18)

The aim of the two-clique potential is to smooth the optical flow locally. As mentioned
with respect to the Horn-Schunk approach, smoothing my be unwanted at the boundary be-
tween two objects, moving in opposite directions. Normally, this boundary is distinguished
by high intensity differences, while the texture within the object is similar. Therefore the
following approach is made using parameters K2 ≤ K3 and K4:

Vpq =

{
K2 if ‖I(p, t)− I(q, t)‖ < K4

K3 if ‖I(p, t)− I(q, t)‖ ≥ K4
(19)

Finally, the overall potential is given by

U =
∑
p

Vp +
∑
p,q

Vpq (20)

This models the optical flow up to 2-clique potentials, see also [BVZ01]. Higher order
potentials would be possible to improve the texture artefacts, but will not be considered
here.

4 Optical Flow estimation by sampling methods

4.1 Simulated Annealing based on Gibbs and Metropolis sampling

One brunch of algorithms to estimate the optical flow uses sampling of the modelled
MRFs. MRFs can be sampled according to the Gibbs distribution. Two popular tech-
niques exists: The Gibbs (figure 2) and the Metropolis sampler. Especially if | S | is high
the later one is on advantage [Win06]. To obtain the minimal modes simulated annealing
is applied. Therefore, a cooling schema, i.e. an increasing sequence of positive numbers
β(n) → ∞ is selected and the Gibbs distribution Π(β(n)) at “temperature” β(n) is used
for the nth sweep instead of Π. For more details consult [Win06].
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Randomly initialize f ∈ ΛS

For i=1:n //Iteration loop
For j=1:| S | //Sweep loop
Set pλ = P (fj = λ | fS\{i})
Set fj = λ with probability pλ

End //Sweep loop
End //Iteration loop

Figure 2: Gibbs sampler

4.2 Independent Conditional Modes (ICM)

Another efficient method is called “Independent Conditional Modes”. This is an iteration
approach, which is similar to above sampling methods. Unfortunately, it depends to a lot
of its initialization but converges very fast, see figure 3.

Initialize f ∈ ΛS

For i=1:n
For j=1:| S |
Set gj = arg maxλ∈Λ P (fj = λ | fS\j)

End
Set f=g

End

Figure 3: ICM

5 Optical flow estimation by combinatorial optimisation

The most advanced concepts for MRF estimation comes from combinatorial optimisation.
If the configuration space Λ of the optical flow MRF is discrete, the optical flow is just
the labelling of each site (pixel) with one element of Λ. A very easy case occurs, when
Λ has the cardinality 2. Then the optical flow problem is a partition of sites into the
two components, s.t. the global energy is minimized. The difficulty is caused by higher
clique potentials, which caused an interference between neighbour sites. Therefore, the
best partition is obtained, if the boundary between these components fullfills certain mini-
mum energy properties. This problem is related to famous mathematical algorithms and is
known as max flow min cut problem. After a short introduction into the mathematics, the
energy minimisation for optical flow calculation is considered in the following section for
the binary and afterwards for the general case.
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5.1 Combinatorial optimisation: Max flow - min cut

One famous problem in combinatorial optimization is the maximum flow problem. Given
an directed graph G(V,E) with vertex set V, (directed) edge set E and a capacity function.
c : E → N. Figure 4 (right) shows an example of such an graph. The values at the
edges are the capacities followed by the maximum flow φ. One search the maximum flow

Figure 4: Optical flow and minimum cut (left), Graph and residual graph (right)

in the graph starting at vertex s and terminating at vertex t. This results in the following
maximisation problem:

max
φ:E→N

ν(φ) with ν(φ) =
∑
v

csv (21)

subject to

φuv ≤ cuv (capacity constraint) (22)∑
v

φuv =
∑
v

φvw ∀v ∈ V \{s, t} (23)

The value ν(φ) is called the value of the maximum flow.

The maximum flow problem was first solved by the Ford Fulkerson algorithm. In the mean
time a whole reservoir of max flow algorithms was found [ES00] or [KV08].

The maximum flow problem is related to the minimum cut problem. The minimum cut
separates the graph into two connection components. One component contains the ver-
tex s whereas the other contains the vertex t with the condition that the capacities of the
removed edges are minimal. Fortunately, these connection components are identical to
those of the residual graph Gφ of the maximum flow φ. It is constructed by reducing any
edge capacity with the value of the maximum flow through this edge and introducing new,
opposite edges whose capacity is determined by the local value of the maximum flow. See
right image of figure 4.
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5.2 Optical flow calculation with graph cuts - Binary case

It is assumed that the configuration space of our MRF describing the optical flow has
exactly two elements, which are called “0” and “1”. If one is able to construct a graph with
capacities, s.t. the maximum flow of the graph equals the energy of the MRF representing
the optical flow, the min cut algorithms can utilised to find a solution.
A first result was found by [KZ04], [FD05] for energies depending on 1 and 2-clique
potentials:

U(f1, ..., f|S|) =
∑
p

Vp(fp) +
∑
p,q

Vpq(fp, fq) (24)

These energies allows an optimization by graph cuts if and only if

Vpq(0, 0) + Vpq(1, 1)− Vpq(0, 1)− Vpq(1, 0) ≤ 0,∀p, q (25)

These functions are known to be submodular.
According to [KZ04] and [BVZ01] explicit graphs can be constructed: Introduce a vertex
for any site p ∈ S and two additional start “s” and termination “t”. Each site p obtains
an edge to s (resp. t) with capacity wp = Vp(1) − Vp(0) if wp > 0 (resp. with capacity
wp = Vp(0)−Vp(1)), see figure 5. Additionally, for neighbour sites p ∼ q three edges are
introduced according to figure 6.

Figure 5: 1-clique potentials and constant term

The minimum energy is determined by the minimum cut of the resulting graph. Gen-
eralization of the graph cut optimization were also found in [KZ04], [FD05] for energy
functions with three body interactions of the form

U(f1, ..., f|S|) =
∑
p

Vp(fp) +
∑
p,q

Vpq(fp, fq) +
∑
p,q,r

Vpqr(fp, fq, fr) (26)

Three body interactions are e.g. important in theoretical nuclear physics (skyrme force)
[GM95]. Sufficient conditions for higher order interactions are given in [FD05], [AFG08]
and [Ish09]. Further approaches utilising the min cut techniques can be found within
the theory of pseudo Boolean optimisation, e.g. the QPBO - quadratic pseudo Boolean
optimization in [BH01], [BHT06].
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Figure 6: 2-clique potentials and constants

5.3 Optical flow calculation with graph cuts - General case

To solve the multi label energy minimization problem [BVZ01] proposed to split the multi
label problem into a sequence of simple binary energy minimisation problems. The binary
energy problem decides to keep the current label at a site or to switch to an offered label
α ∈ Λ. These two possibilities are coded into a binary energy function, where 0 stands
for the first choice and 1 for the second one. Afterwards the binary problems can be
solved by graph cut techniques as mentioned above. Configurations which differs by such
an switch between the existing values and the label α ∈ Λ are called within a single α-
expansion. Iterating this approach by successively run through all available labels several
times realises an approximation for the multi label problem [BVZ01], [Li09]. See figure
7.

Select an arbitrary labelling f, success = false
While success = true
Set success = false
For each label α ∈ Λ
Set g = arg minh within a singleα-expansion off E(h)
If E(g) < E(f) then
Set f = g; success = true;

End
End

End

Figure 7: α-expansion
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The following example demonstrates the algorithm based on a c=1 neighbourhood struc-
ture. Figure 8 shows two succeeding video frames of a scene with an aerial passenger
tramway. Figure 9 demonstrates the results of the algorithm using up to 2-clique po-
tentials. The scene suffers from the blurred and sometime near texture less background.
Especially, between the two cable one realise some potential aperture problems.

Figure 8: Example of optical flow calculation: Succeeding video frames

Figure 9: Example of optical flow calculation: Optical flow
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6 Conclusion

Different concepts of optical flow calculation are discussed. Comparisons between Markov
random field approaches and classical methods like Kanade-Lucas and Horn-Schunk meth-
ods show, that the classical methods can be outperform by Markov random fields. Markov
random field methods can be realised by numerous techniques. Especially, “min cut” based
methods deliver very convincing results.
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