Closed operators

THEORY OF CLOSED OPERATORS

We will now consider closed operators and prove some Theorems concerning them. First
of all, we have to define a closed operator.

Definition 1. Let £ and F be normed spaces and D C E a subspace. A linear operator
T: D — F is called closed, if for each sequence (x,) C D we have that z, — x, Tz, — y
imply x € D and Tz = y.

This means, a closed operator is an operator T': D — F' which graph is closed, i.e.

Tn, T\ . . T
— implies € graphT' .

Remark 2. If a linear operator is only defined on a subspace D, we call D the domain of
T and denote it by dom T or D(T).

Now we derive some properties from the closedness of an operator.

Theorem 3. Let E/, F' be Banach spaces and let T: E D domT — F be a closed operator.
Then

(i) Er := (domT, |-|7) with ||z||r = ||z|| + ||Tz|, x € dom T, is a Banach space.
(ii) T, considered as an operator from Er to F is bounded, i.e. T € L(Er,F).
Proof. (i). Let (z,) C E7 be a Cauchy sequence in Ep. We have
|z = Zmllr = [|on — 2m || + [ T2n — Tom |-

thus (z,,) is a Cauchy sequence in F and (Tz,) is a Cauchy sequence in F'. Hence there
exist x € F and y € F' such that x, — x, Tz, — y. Since T is closed, we have x € domT
and Tz = y and therefore

lzn — x||7 = |lxn — || + || T2n — Tz|| = 0, n — o0

(ii). Follows from
[Tz]] < ||zl + [ T2]| = ||z[lr, = € domT.

O]

Theorem 4. Let E and F be Banach spaces and let T: E D domT — F be closed and
bijective. Then T=': F — E is bounded, i.e. T~ € L(F,E).

Proof. The operator T': Ep — F is bounded and bijective, thus T~ € L(F, Er), i.e.
1T~ yllr = 1Tyl + [yl < elly]

for some ¢ > 0. This implies
1Tyl < eyl -

O]

Finally, we give an example for a closed operator. For this, we recall the definition of an
absolutely continuous function:
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Closed operators

Definition. A function f: [0,1] — C is called absolutely continuous, if there exists g €
L'(0,1) with

Now let E = F = L?(0,1) and
domT := {f € L*(0,1) : f is absolutely continuous and there exists f’ € L?(0,1)}.

Define
T:E>domT — F, Tf:=f.

We claim that T is closed.

Proof. Let (fn) C domT such that f, — f and T'f, = f, — g in L?(0,1). We have
fo(z) = )+ fo f1(t)dt and by Holder’s inequality

[} e [Cowa < [[iico-tonar < (/ 1720 2dt>%=uf;—g||ﬁo.

We observe that for all x € (0,1) we have

Fa(0) = Fn(0) = ful@) — Fnlz) + /0 () — £L(0))dt.

By the triangle inequality in L?(0,1) we now have

£2(0) = fon(0 —(/ Fa(0) — )\dxf
(/ falz) — /If )|dt2dx>%
([ 105 wdx) (1 - el a2) o

for n — oco. Thus, (f,(0)) is a Cauchy sequence. Set o := lim,,_,~ frn(0). Define

h(z) :=a+ /Ox g(t)dt.

Then h is absolutely continuous and b/ = g € L%(0,1), i.e. h € dom T and Th = g. There
holds

fulz) — h(@) = fa0) —a+ /0 (L) — g(B)dt = 0, 1 oo

and thus
[lfn = Rll2 < |[fo = hllec — 0.

Hence h = f almost everywhere. O
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